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Abstract 

We study in detail the algebra S n in the title which is an algebra obtained from a poly- 
nomial algebra P n in n variables by adding commuting, left (but not two-sided) inverses of 
the canonical generators of P„ . The algebra §„ is non-commutative and neither left nor right 
Noetherian but the set of its ideals satisfies the a.c.c, and the ideals commute. It is proved 
that the classical Krull dimension of § n is 2n; but the weak and the global dimensions of 
S„ are n. The prime and maximal spectra of § n are found, and the simple S n -modules are 
classified. It is proved that the algebra $„ is central, prime, and catenary. The set I n of 
idempotent ideals of § n is found explicitly. The set I n is a finite distributive lattice and the 
number of elements in the set 1„ is equal to the Dedekind number n . 

Key Words: catenary algebra; the classical Krull, the weak, and the global dimensions; 
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1 Introduction 

Throughout, ring means an associative ring with 1; module means a left module; N := {0, 1, . . .} 
is the set of natural numbers; K is a field and K* is its group of units; P n :— K[x\, . . . , x n ] 
is a polynomial algebra over K; d\ := -^-,...,d n :— are the partial derivatives (if -linear 
derivations) of P n . 

The algebras S n (see the definition below) appear naturally when one wants to develop a theory 
of one-sided localizations. Let me give an example. Let K[x] be a polynomial algebra in a variable 
x over the field K. When we invert the element x the resulting algebra K[x,x _1 ] has the same 
properties as if [a;]. This is not the case when we invert the element x on one side only, say, on 
the left: yx — 1. Then the algebra Si := K(x,y \ yx = 1) has very different properties from the 
polynomial algebra K[x]. It is non-commutative, not left and right Noetherian, not a domain, it 
contains the ring of infinite dimensional matrices, etc. Moreover, the algebra Si has properties 
that are a mixture of the properties of the three algebras: lf[a;i], K[x±, x?\, and the Weyl algebra 
A\ := K(x, d | dx — xd = 1) if char(if) = (for example, as it is proved in the paper, the ideals of 
the algebra Si commute, and each proper ideal of Si but one is a unique product of maximal ideals 
(counted with multiplicity), and the lattice of ideals is distributive; the classical Krull dimension 
of Si is 2; the global homological dimension of Si is 1; the Gelfand-Kirillov dimension of Si is 
2). The algebra Si is a well-known primitive algebra [Zl , p. 35, Example 2. Over the field C of 
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complex numbers, the completion of the algebra Si is the Toeplitz algebra which is the C*-algebra 
generated by a unilateral shift on the Hilbert space l 2 (N) (note that y\ — x\). The Toeplitz 
algebra is the universal C*-algebra generated by a proper isometry. 

Definition. The algebra S„ of one-sided inverses of P n is an algebra generated over a field K 
by 2n elements x\, . . . , x n , y n , . . . , y n that satisfy the defining relations: 

2/1 xx = ■■■ = y n x n = 1, [xi,yj] = [xi,Xj] = [y i; yj] = for all i ^ j, 

where [a, b] := ab — ba, the commutator of elements a and b. 

By the very definition, the algebra S n is obtained from the polynomial algebra P n by adding 
commuting, left (or right) inverses of its canonical generators. Clearly, §„ = §i(l) ® ■ ■ ■ ® Si(n) ~ 
Sf n where §i(i) := K(x il y i \ yiXi = 1) ~ §i and 

S„ = Kx a y? 

where x a :— x" 1 ■ ■ ■ x" n , a — (ai, . . . , a„), y@ :— yf 1 • • • y^ n , (3 = (/3\, . . . , f3 n ). In particular, the 
algebra §„ contains two polynomial subalgebras P n and Q n :— K[yi, . . . ,y n ] and is equal, as a 
vector space, to their tensor product P n <§) Q n . The canonical generators Xi, yj (1 < i,j < n) 
determine the ascending filtration {S n! <i}igN on the algebra S„ in the obvious way (i.e. by 
the total degree of the generators): :— @\ a \+\p\<i Kx a yP where \a\ =«! + ••• + a n 

(§n,<i$n,<j C § n ,<i + j for all i,j > 0). Then dim(S„,<i) = ( l ^ n ") f° r * > 0, and so the Gelfand- 
Kirillov dimension GK(S n ) of the algebra S n is equal to In. It is not difficult to show (Lemma 
I2.3j) that the algebra S n is neither left nor right Noetherian. Moreover, it contains infinite direct 
sums of left and right ideals. 

Another (left and right) non-Noetherian algebras, so-called, the Jacobian algebras A ra (intro- 
duced in [5]), appear as a localization not in the sense of Ore of the Weyl algebras A n . The general 
construction, proposed by the author, is as follows: given an algebra A, an A-module M, and a 
set S = {cii}i£i of elements of the algebra A such that the maps g^m : M — > M, m t— >■ aim, 
are invertible. The subalgebra S^/ * A of End^ (M) generated by the image of the algebra A 
in Endif (M) and the elements {a^^iei can be seen as a new way of localizing the algebra A. 
Clearly, * (<5m * A) ~ * A, and the factor algebra A/ann^(M) of A modulo the anni- 
hilator ann^(M) of the A- module M is a subalgebra of ST, * A. In general, as the example of 
the Jacobian algebras A„ shows [2], the algebras A and * A have different properties, and the 
localized algebra S 1 ^ 1 * A is not a left or right localization of the algebra A in the sense of Ore. 

Definition, [2j. When char(X) = 0, the Jacobian algebra A n is the subalgebra of End_R-(P ra ) 
generated by the Weyl algebra A n :— K{x\, . . . , x n , d\, . . . , d n ) and the elements iff , . . . , H^ 1 € 
End_ftr(P„) where Hi := diXi, . . . ,H n := d n x n . 

Clearly, A„ = Ai(l) ® ■ ■ ■ (8) A x (n) ~ Af" where A x (i) := K{x l ,d t ,Hf 1 ) ~ A x . The algebra 
A„ contains all the integrations f :P n —t P n , p i-> J pdxi, since J. = XiH~ x . In particular, the 
algebra A„ contains all (formal) integro-differential operators with polynomial coefficients. The 
Jacobian algebra A„ appeared in my study of the group of polynomial automorphisms and the 
Jacobian Conjecture, which is a conjecture that makes sense only for polynomial algebras in the 
class of all commutative algebras [3]. In order to solve the Jacobian Conjecture, it is reasonable to 
believe that one should create a technique which makes sense only for polynomials; the Jacobian 
algebras are a step in this direction (they exist for polynomials but make no sense even for Laurent 
polynomials). The Jacobian algebras were studied in detail in [2]. Their relevance to §„ is the 
fact that §„ is a subalgebra of A ra (Lemma I2.1[) . and this fact makes it possible to shorten proofs 
of several results on S n . Moreover, there are many parallels between these two classes of algebras. 
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Let us describe main results of this paper. 

• (Proposition 14. 1 L Theorem I4.15|) The algebra S„ is central, prime, and catenary. Every 
nonzero ideal o/S„ is an essential left and right submodule ofS n . 

• (Proposition 14.31 ) . Let A be a K -algebra. Then the algebra S n ® A is a prime algebra iff the 
algebra A is a prime algebra. 

• (Theorems 12.71 and 12. 8[) . The ideals of S n commute (I J = J I), and the set of ideals of §„ 
satisfy the a.c.c. 

• (Theorem 14. lip The classical Krull dimension cl.Kdim(§„) ofS n is 2n. 

• (Theorem 14. 1 2)) For each ideal a o/S„, the set Min(a) of the minimal primes over a is a 
finite, non-empty set. 

• (Theorem 14. 13|) ht(p) +cht(p) = cl.Kdim(§„), for all prime ideals p o/§„. Formulae for the 
height ht(p) and the co-height cht(p) are found explicitly (via combinatorial data). 

• (Theorems 16.61 Corollarv l6.8l) The weak homological dimension and the left and right global 
dimensions of §„ are equal to n. 

• (Theorems 14.41 and I4.5|) The prime and the maximal spectra of § n are found. 

• (Theorem 13.21) The simple S n -modules are classified. 

• (Corollary|33]) GK (M) < n, for all simple S n -modules M. Moreover, GK (M) e {0, 1, . . . , n}. 

• (Corollary |3.4l) The annihilators separate the simple S n -modules. 

• (Corollarv l3.3p The polynomial algebra P n is the only faithful, simple S n -module. 

• (Corollary [6T2]) GK (M) + pd(Af) = l.gldim(§„) for all simple § n -modules M. 

• (Theorem 16.111) The projective dimension pd(Af) of each the simple E> n -module M is found 
explicitly. 

• (Theorem 13.21 (4) . Corollarv l3.6[) For each simple S n -module M , the endomorphism division 
algebra Ends n (M ) is a finite field extension of K and its dimension over K is equal to the 
multiplicity e(M) of the S n -module M . 

• (Lemma 14. 21) There are precisely n height one prime ideals of the algebra § ra (they are given 
explicitly). 

• (Theorem 15. ip Let I be an ideal of §„. Then the factor algebra §„// is left (or right) 
Noetherian iff the ideal I contains all the height one primes of S n . 

• (Corollary 14. 91) A prime ideal p ^ §„ o/§„ is an idempotent ideal (p 2 — p) iff p is contained 
in all the maximal ideals of S„ iff p is a sum of height one prime ideals of S n . 

• (Theorem 1 7. 11 Corollary I7.5P The setl n of idempotent ideals ofS n is found. The set I„ is a 

finite distributive lattice and the number of elements in the set I n is equal to the Dedekind 
number D ra . 

• (Theorem I7.2p Each idempotent ideal a of S„ distinct from §„ is a unique product and a 
unique intersection of the minimal (necessarily idempotent) prime ideals over a. 
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These results show that the algebra S n has properties that are a mixture of properties of the 
polynomial algebra Pm and the Weyl algebra A n . This is not so surprising when we look at the 
defining relations of the algebras S n , A n , and Pm- 

The algebras S ra are fundamental non-Noetherian algebras; they are universal non-Noetherian 
algebras of their own kind in a similar way as the polynomial algebras are universal in the class 
of all the commutative algebras and the Weyl algebras are universal in the class of algebras of 
differential operators. 

The algebra S ra often appears as a subalgebra or a factor algebra of many non-Noetherian 
algebras. For example, §1 is a factor algebra of certain non-Noetherian down-up algebras as was 
shown by Jordan [8] (see also [5], [10], [9]). 



2 The ideals of S n commute and satisfy the a.c.c. 

In this section, it is proved that the algebra §„ is neither left nor right Noetherian (it contains 
infinite direct sums of left and right nonzero ideals) but the set of all the ideals of the algebra E> n 
satisfies the a.c.c. (Theorem 12.71) . the ideals of the algebra §„ commute (Theorem I2.8[) . 

The polynomial algebra P n is a left Endi<-(P n )-module, we denote the action of a linear map 
a G EikIk-(P„) on an element p € P n either by a(p) or by a*p. By the very definition, the Jacobian 
algebra A„ is a subalgebra of Endi<-(P n ). 

Lemma 2.1 The algebra homomorphism §„ — > A n , x,; i— > xi , yi i— > H~ 1 di, is a monomorphism 
when c\iax{K) = 0. 

Proof. In view of the natural isomorphisms S„ ~ §f n and A„ ~ Af n , it suffices to prove the 
lemma when n — 1 (we drop the subscript '1' in this case here and everywhere if this does not 
lead to confusion). The homomorphism is correctly defined since H dx = 1. It remains to show 
that its kernel is zero. Note that for each natural numbers i and j, we have 

*y h> AH-^ay = * V+i)--V+iV j - 

If an element a = ajy^ + aj+iy- 7 ^ 1 + ■ • • + aj + ky-> +k G Si (where all a s G K[x], and k > 0) belongs 
to the kernel then 

= a * x 3 = ajy° * x° = CLj , 
and so a = 0, i.e. the kernel is zero. □ 

We identify the algebra S„ with its isomorphic copy in the algebra A„ via the above monomor- 
phism. Then, S n C A„ C Endif (P„), and so P n is a faithful §„-module when char(iC) = 0. 

Corollary 2.2 The S n -module P n is simple and faithful. 

Proof. We have to prove that the S„-module P n is simple. For n — 1 and natural numbers i 
and j: 

i j Jo ifj<i, m 

y * = \ ., . . . (i) 

\x J if J > I. 

If P = S ^aX a G P n (where A Q G K) is a nonzero polynomial of degree, say d, then Xp ^ for 
some element [3 G N n such that \f3\ = d. Then A^ 1 ?/^ *p = 1. This means that the §„-module P n 
is simple. 

Suppose that a * P n = for a nonzero element a = a Q y Q G v4 where a Q G P n , we seek a 
contradiction. Fix a such that a a ^ and |a| is the least possible. Then ^ a a — a * x a = 0, a 
contradiction. Therefore, P„ is a faithful S„-module. □ 

Later, we will see that P n is the only simple and faithful §„-module (Corollary 13. i\ . 
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Example. Consider a vector space V — @ ieN if and two shift operators on V, X : e - L i— > ej+i 
and Y : h- > e,_i for all i > where e_i := 0. By Corollary 12.21 and (UJ, the subalgebra of 
Endjf(y) generated by the operators X and V is isomorphic to the algebra Si (X n> x, Y n> y). 
By taking the n'th tensor power y® n = ® QeN „ if e Q of V we see that the algebra E> n is isomorphic 
to the subalgebra of End^ (V® n ) generated by the 2n shifts Xi , Y\ , . . . , X n , Y n that act in different 
directions. 

When n = 1, by fl}, f° r each natural number z, the product x l y l is the projection onto the ideal 
(x z ) of the polynomial algebra K[x] in the decomposition K[x] = ((J).^ Kx 3 ) Therefore, 
the elements of the algebra End^ (P n ) (where i,j E N): 

E ' •(,••,/• - a>>+ V +1 ) if % > j , 

v ' [yi-^xiyi -x j+1 y j+1 ) if i < j , 

are the matrix units, i.e. Eij * x k — SjkX 1 , k > 0, where Sjk is the Kronecker delta. In particular, 
EijEki = SjkEu for all natural numbers i, j, k 7 and Z. Therefore, the subring (without 1) 

F := JfiSy 

of §1 is canonically isomorphic to the ring (without 1) of infinite dimensional matrices 

Moo (if) := limM d (*0 = KE tJ 

i j'EN 

(via F — )• Moo (if), -Ey >-> -Eij) where E^ are the matrix units of Moo (if) and M^(if) := 
®£ . =1 KEij is the ring of d-dimensional matrices over if. 
We have another presentation of the matrix units: 



^ , (xV-^+V+V^' if*>i, 

y ' I (arV - ar i+ V +i y _< if i < j 



The formula ((3|) can be verified directly using the inclusion Si C End/f (Pi). Now, combining ([2]) 
and ([3]) we can write 

£ i3 ,=x i yf-x i+1 y' +1 =x i E 00 y1, i.j (I. (4) 
The involution 77 on S„. The algebra §„ admits the involution 

77 : §„ -> §„, ccj n- yi, yi^tXi, i = l,...,n, 

i.e. it is a if-algebra anti-isomorphism (rj(ab) = rj(b)r](a) for all a,b E S n ) such that rj 2 = idg„, the 
identity map on S„. So, the algebra S„ is self-dual (i.e. it is isomorphic to its opposite algebra, 
77 : §„ ~ §n P )- This means that left and right algebraic properties of the algebra S„ are the same. 
For n — 1 and all i, j E N, 

r } (E ij )=E ji . (5) 

This follows from (j4}. The involution 77 acts on the ring F — Moo (if) as the transposition. In 
general case, 

r)(F n ) = F n , (6) 

where F n := F®" = ®? =1 = ©a,/9eN» ^« : = © s ,t eN ^ := ®Li 

where _E Qi ^(i) := xf*(l — Xiy^yf?' E F(i) C Si(i). Clearly, E a pE lp = Sp n E ap for all elements 
a, /3, 7, /j G N n where £g i7 is the Kronecker delta function. The involution 77 acts on the 'matrix' 
ring F n as the transposition: 

r](E a0 ) = E Pa . (7) 
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The algebra S„ is neither left nor right Noetherian. By @ and ([3]), for all i,j > 0, 

xEij = E i+ i t j, yEij = JSj-ij- (E-ij := 0), (8) 

E ij x = E i<j - 1 , Ei jy = Ei, j+1 (Ei,_i:=0). (9) 

By ijHJ and ((9]), i* 1 is an ideal of the algebra Si. Note that F is an ideal of the algebra Ai (Corollary 
2.6, [5]) (from this fact it also follows that F is an ideal of the algebra §i since F C §i C Ai). 
By © and ©, for all i, j > 0, 

xEij = E i+ i J+ ix, Eijy = yE i+ i J+ i. (10) 

By ([S]), for each i > and j > 0, the left §i-module SiEij = fe > o KE^j is isomorphic to the left 
Si-module K[x] via the isomorphism Si-Ey — > if [a:], £0.7 1 (and so E^j x fc , k > 0). 

Lemma 2.3 The algebra S n is neither left nor right Noetherian. Moreover, it contains infinite 
direct sums of left and right ideals. 

Proof. The algebra is self-dual, so it suffices to prove, say, the first statement of the lemma. 
Since S„ ~ Si ® S„_i, it suffices to prove the lemma when n = 1. In this case, F = (Bien'S'iEii ~ 
©igpjPi is the direct sum of infinitely many copies of the simple Si-module P\. □ 

The elements Xi and yi of S„ are not regular. Let r be an element of a ring R. The 
element r is called regular if l.ann^(r) = and r.ann r (r) = where l.ann^(r) := {s £ R \ sr = 0} 
is the left annihilator of r and r.annfl(r) := {s G i? | rs = 0} is the rigM annihilator of r. 

The next lemma shows that the elements x and j/ of the algebra Si are not regular. 

Lemma 2.4 1. l.ann§ 1 (a;) = Si_E o = 0;>o EE itQ — 0. >o ifx l (l — xy) and r.ann§ 1 (a;) = 0. 

2. r.annsj (y) = -E o§i = 0i> o KE 0)i = 0i>o ^C 1 ~ x v)v % and l- ann Si (j/) = 0. 
Proof. 1. yir, = 1 implies r.anngj (x) = 0. Since Eqqx = (1 — xy)x = x — x = 0, 

Lanns, (x) 2 Si£ 00 = KE h0 = Kx\\ - xy). 

To prove the reverse inclusion note that the right i4f[x]-module §i/K[x] is a direct sum of its 
right submodules Mj := 0^1 ! Kx l yi + K[x], i £ N. It follows from the equalities a^a; = 
x l y^~ 1 that the kernel of the linear map in S\/K\x\ given by the multiplication by the ele- 
ment x on the right is equal to i>o Kx l y + K[x\. Clearly, l.anng 1 (a;) C i>o Kx l y + K[x] = 
Ky i>o KEifi@ K[x]. Now, one can easily find that l.anns 1 (ar) = i>o KE^o, as required. 
2. The second statement follows from the first by using the involution rj: 

r.ann §1 (y) = 77 2 (r.ann Sl (y)) = ?/(l.ann Sl (n(y))) = r?(l.ann Sl (x)) = ^(Si^oo) 
= r)(E 00 )§ 1 =E 00 § 1 = Q)K(l-xy)y i , 

i>0 

where we have used the fact that 7](Eqq) = Eqq (see (0). □ 
It follows from (g]) that 

Si=X0xX[x]0yX[y]0F, (11) 
the direct sum of vector spaces. Then 

§i/F~ K\x,x~ l ], x^x, y^x' 1 , (12) 
since yx = 1, xy = 1 — Eqq and Eqq S i* 1 - 
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Example. Let V = @ igN Kei be a vector space. By taking the matrix of a linear map in V 
with respect to the basis {ei}jgN for the vector space V, we identify the algebra Endj<-(y) with 
the algebra of infinite matrices JgN aijEij is an infinite sum where for each j almost all scalars 
a ij ~ 0} where By are the matrix units. Let n :— X)i>o an d Tn := X)i>i A matrix 

of the form X)«>o ^-« mi + -^oB + Si>o ^ in * * s ca U e d a multidiagonal matrix where Aj € K (and 
the sums are finite). A matrix is called an almost multidiagonal if it becomes a multidiagonal 
matrix by adding a finite sum /x^-By, /xy G if. The set of all almost multidiagonal matrices is 
a subalgebra of Endif (V) which is isomorphic to the algebra Si, by (fTTj) and (lj (n O x, m <H- y, 

By <-> Eij). 

For an element a of an algebra A, the subalgebra of A, Cen^a) := {b G A \ ba = ab], is called 
the centralizer of the element a in the algebra A. By (jSJ), ©, and (TTT1) . 

Cen Sl (:r) = B[x] and Cen Sl (y) = K[y). (13) 

We say that a if-algebra A is central if its centre is K. We denote by J7(A) the set of all 

the ideals of the algebra A. An ideal I of the algebra A is called a proper ideal if / 7^ 0, A. The 
classical Krull dimension of the algebra A is denoted cl.Kdim(A). spec(A) and Max(A) denote the 
prime spectrum and the maximal spectrum of the algebra A respectively. A nonzero polynomial 
a G K[x] is a monic polynomial if its leading coefficient is 1. The socle soc(Af) of a module M is 
the sum of its semi-simple submodules, if they exist, and is zero otherwise. 

Proposition 2.5 1. The algebra §1 is central. 

2. Fa ^ and aF ^ for all nonzero elements a G §1 . 

3. F is the smallest (with respect to inclusion) nonzero ideal of the algebra §1 (i.e. F is 
contained in all the nonzero ideals of Si); F 2 — F; F is an essential left and right submodule 
of §1 ; F is the socle of the left and right Si -module §1 . 

4- The set J (Si) of all the ideals of the algebraSi is {0, F, Si, F+a(K[x]+K[y\) where a — a(x) 
is a monic non-scalar polynomial of K[xJ such that a(0) ^ 0}; and two such ideals are equal, 
F + a(K[x] + K[y]) = F + b(K[x]+K[y]),iffa = b. 

5. I J = J I for all ideals I and J of the algebra Si . 

6. spec(Si) = {0,B, m a '■= F + a(K[x] +K[y]) where a G K[x] is a monic irreducible polynomial 
distinct from x}. In particular, Si is a prime ring. 

7. Max(Si) = {m a | a is a monic irreducible polynomial distinct from x}. 

8. Any proper ideal I of the algebra Si such that I ^ F is a unique finite product of maximal 
ideals, i.e. I = Y[ m a a where all but finitely many natural numbers i a are equal to zero; and 
I! m a a = I! m a" iff aU ^ = ia for all a. 

9. = nmh n<-+n< = rimr 1 ^'* a^n<"nrw = nmr x(Wt °. /« 

particular, the lattice J (Si) is distributive. 

10. The classical Krull dimension of the algebra Si is 2. 

Remark. For K — C, statement 6 above and the fact that F is the minimal nonzero ideal of 
Si were proved by Jordan (Corollary 7.6, [8]) using a different method. 

Proof. 1. By (13]), Z(Si) = Cen(x) n Cen(y) = K. 

2. This follows at once from (fTTj). flS}, and fl§J|. 

3. F 2 — F since F = M 00 (-fC). The fact that F is the smallest nonzero ideal follows from 
statement 2. By statement 2, F is an essential left and right Si-submodule of Si. Then F is the 
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socle of the module gjSi since the Si-module F is semi-simple (see the proof of Lemma l2~3"f . Using 
the involution rj we see that F is the socle of the right §i-module Si. 

4. Let I be an ideal of the algebra Si which is distinct from the ideals 0, F and Si. Then 
F C I, and, by (fT2")l . I = F + aK[x] for a monic non-scalar polynomial of K[x] with a(0) 7^ 
(since 7 ^ Si ) . The rest is obvious due to (TT21 . 

5. This follows from statements 3 and 4 (yx = 1, xy = 1 — Eqq, Eqq G i* 1 ). 

6. Let / and J be nonzero ideals of the algebra Si. Then both of them contains the ideal F, 
by statement 3. Then IJ D F 2 = F ^ 0. Therefore, is a prime ideal, i.e. the algebra §1 is 
prime. F is a prime ideal since E>i/F ~ K[x, a;" 1 ] is a Laurent polynomial algebra over a field (a 
commutative domain). From this fact it follows that the ideal F + a(K[x] + K[y]) from statement 
4 is prime iff in addition the polynomial a is irreducible. This observation finishes the proof of 
statement 6. 

7. Statement 7 follows from statement 6. 

8. Statement 8 follows from statement 7. 

9. Statement 9 follows from statement 8. 

10. It follows from the inclusion of prime ideals C F C m a that cl.Kdim(Si) = 2 since the 
ideals m a are maximal. □ 

By Proposition 12.51 (7) . the map 

Max(i^[x,x -1 ]) Max(Si), m ^ F + Sim = F + mSi, 

is a bijection. 

Let n > 2. By (jlip . each element a G S„ = Si ® § n _i has a unique presentation 

a = A + ^(y l ® A_* + x l ® Ai) + ^ £y (8) A y (14) 

i>l ij>0 

for some elements A, A±,,Ajj G The next lemma is crucial in the proofs of Theorems 12.71 

and EH}. 

Lemma 2.6 Let I and J be ideals of the algebra §„ = §1 ® S ra _i, n > 2. TTien 

L / n (i* 1 <E> S„_i) = F ® / or a unique ideal I n —i of the algebra S n _i. 

TTie idea? / n -i o/S n _i is i/ie K -linear span in S n _i 0/ £/ie coefficients A, A±j, Ay G S„_i in 
Jj^[ ) /or i/ie elements a of the ideal I . 

3. If I C J i/ien J n _i C J n _i. 

^- yU)n-l = In-lJn-l- 

Proof. 1 and 2. The uniqueness in statement 1 is obvious (if F ® a = F ® b for two ideals a 
and b of S„_i then a — b, and vice versa). Let V n _ x be the K- linear span in statement 2. Then 
X'j-i is an ideal of the algebra S n _i and 

7n(F(g)§ n _i) CF 

To finish the proof of statements 1 and 2 it suffices to show that the reverse inclusion holds. 
Let a G I, and so we have the decomposition (fT4")l for the element a. First, let us show that 
Eki <8> A G I for some natural numbers k and I. Fix sufficiently large natural numbers k and Z. 
Then E k i{Y,i,j>o E ij ® ^ij) E u = °! and so 

£ fci a£„ = E kl X + ^2(E k)l+i E u ® A_* + E k j^E u ® A,) = £ fez (g) A. 
»>l 

Similarly, for sufficiently large natural numbers k and i, and for all natural numbers i > 1, 
E k iy l aE u = E k i®\i and E M ax l E u = Eu®\-i- For all natural numbers «, EaaEu = Eu®(\+\a) 
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and so En <g Xu € I since En (g A = Eik(Eki <g A)-E;, G I. For all natural numbers i > j, 
EnaEjj — Eij (g (Aj_j + Ay) and EjjaEn — Eji (g (A_( i _ :) ) + Aji), and so Eij <g Ay, -Eji (g Aji G /. 
This finishes the proof of statements 1 and 2. 

3. Statement 3 is obvious. 

4. Statement 4 follows from statements 1 and 2. By statement 2, (7J)„_i C I n _xJ n _\. By 
statement 1, we have the inverse inclusion: 

F®(7 n _ 1 j„_ 1 ) = (f ® j n _!)(F (8 J„-i) = I n (F ® §„_!) ■ J n (f » § n _i) 
C (JJ)n( J F®S n _ 1 ) = F®(/J) n _ 1 , 

and so 7„_i J n _i C (F7)„_i. □ 

Theorem 2.7 TTie sef ^7(S ra ) o/ ideals of the algebra S n satisfies the ascending chain condition 
(the a.c.c, for short). 

Proof. Recall that the set J"(S„) satisfies the a.c.c. if each ascending chain of ideals in § n 
stabilizes, i.e. has a largest element. We use induction on n. The case n — 1 follows from the 
description of the set J~(E>i) (Proposition 12. 51 f4)). Suppose that n > 2 and that the result is true 
for all n 1 such that n' < n. Note that for any algebra A, the set J (A) of its ideals satisfies the a.c.c. 
iff the yl-bimodule A is Noetherian. Recall the following (easy) generalization of the Hilbert Basis 
Theorem: An A-module M is Noetherian iff the K[x] (g A-module K[x] ® M is Noetherian. By 
induction, the §„_i-bimodule §„_i is Noetherian, hence the K[x] ® §„-i-bimodule K[x] (g§„_i is 
Noetherian, hence K [x, <g§„_i-bimodule K[x, x' 1 } (gS„_i is Noetherian. Note that F<g§„_i 
is an ideal of the algebra §„ = Si (g S„_i such that S n /(F <g S„_i) ~ _fiT[x,x _1 ] (g §„-i is a 
Noetherian K[x, x" 1 ] (g §„_i-bimodule, or, equivalently, a Noetherian S„-bimodule. For any ideal 
I of S n , by Lemma [2~Bl fl). 

in (F «>§„_!) =F®/ n _i, 

for some ideal 7 n _i of the algebra Sn— i- Therefore, the S„-bimodule F (g § n _i is Noetherian. It 
follows from the short exact sequence of § n -bimodules: 

-> F ® §„_i -> S n = §i <g -> x" 1 ] <g S n _i ->• (15) 

that the S„-bimodule S ra is Noetherian since the S„-bimodules F(gS n _i and K[x, a; -1 ] (gS„_i are 
Noetherian. This proves that the set J7(§ n ) satisfies the a.c.c. □ 

Definition. For an algebra A we say that its ideals commute if IJ = J I for all ideals / and J 
of the algebra A. 

Theorem 2.8 I J = J I for all ideals I and J of the algebra §„. 

Proof. To prove the result we use induction on n. The case n — 1 is Proposition 12. 51 (5). So, 
let n > 1 and we assume that the result holds for all n' < n. By Lemma l2"l)l fl). ID (F(gS n _i) = 
F <g J n _i for some ideal in-i of the algebra S n _i. Using (|T5|) . we have the short exact sequence 
of §„-modules 

-> F® /„_! -> 7 -^7^ 

where J is an ideal of the algebra F[o;,x _1 ] ig § n _i which is the image of the ideal I under the 
epimorphism §„ — > a;" 1 ] (g S n _i. It is obvious that two ideals I and F of the algebra E> n are 
equal iff I n -i = I' n _ x and I = T . Note that (7J) n _i = J„_iJ„_i = J n _i/„_i = (J/)„-i (by 
Lemma T2. 61 (4)). and IJ = I ■ J = J ■ I = JI (by the same arguments and induction). Therefore, 
/ J = JI. □ 

The associated graded algebra gr(§„) and the algebra D„. 
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Definition. The algebra D„ is an algebra generated over a field K by In elements Xi, . . . , x n , y n , . . . , y t 
that satisfy the defining relations: 

yixi = ■ ■ ■ = y n x n = 0, [xi,yj] = [xi,xj] = [y t , y 3 ] = for all i ^ j. 

Clearly, D n ~ Df™ and D„ = a ^ £N „ Kx a y 13 . The canonical generators a;,-, yj (1 < i, j < n) of 
the algebra D„ determine the ascending filtration {D„,<i}ieN on the algebra D„ where D„<j '■= 
©H+|/3|<i Kx a yP. Then dim(D n ,<i) = for i > o7and so GK (D„) = 2n. 

The associated graded algebra gr(§„) := ieN §„,<i/§„,<i-i is isomorphic to the algebra D„. 
The nil-radical n = n(D„) of the algebra D„ (i.e. the sum of all the nilpotent ideals of D„) is 
equal to 3 j. Qift ^ o Kx a y f) , and n n+1 = 0. The factor algebra D„/n ~ (g)™ =1 K[xi, Vil/iViXi) is 
the tensor product of the commutative algebras K^x^y^/^^i). 

The involution r\ of the algebra S„ respects the filtration {§ n ,<i};eN, i-e. T)(S n ,<i) = §n,<i for 
all i > 0; and so the associated graded algebra gr(S„) inherits the involution 

77:D„->D„, Xi (->■ yi, y l ^x i , i=l,...,n. 

In particular, the algebra D„ is self-dual. The algebra D n is neither left nor right Noetherian 
as it contains the infinite direct sum @^ eN „ D„a;i • ■ • x n y@ of nonzero left ideals. The simple 
D„-modules can be easily described, 

D„ = D„/n. 

In particular, all the simple D„-modules are finite dimensional. The prime and maximal spectra 
of the algebra D„ are easily found since Spec(D„) = Spec(D„/n) and Max(D„) = Max(D n /n). 

3 Classification of simple § n -modules 

In this section, we classify all the simple §„-modulcs (Theorem [321(1)). It is proved that for each 
simple §„-module M, its endomorphism algebra Ends n (M) is a finite field extension of the field 
K (Theorem O (4)), and the multiplicity e(M) of M is equal to dim(Ends„(M)) (Corollary 15TB)) . 
This is the second instance known to me when the multiplicity of a simple module is equal to the 
dimension of its endomorphism division algebra. In [4] this was proved for certain simple modules 
over the ring V(P n ) of differential operators on the polynomial algebra P n over a perfect field of 
prime characteristic. Note that the algebra T>(P n ) is neither left nor right Noetherian and not 
finitely generated cither. 

The algebra §„ is Z"-graded. The algebra §„ = ® agZ S n , Q is a Z n -graded algebra where 

§n,a := §l, Ql ® • • • ® §l,a„, OL = . . , a„), 

ix% fi = $i,ox l if i > 1 , 
§i,o if * = , 

yl*ISi, = Slow 1 *' if * < -1 , 

§1,0 := K(Eqq, Eh, . . .) = K © KEqo © KExi © • ■ • is a commutative non-Noetherian algebra 
(KEqq C KEqo © KEix C ■ • • is an ascending chain of ideals of the algebra §i.o)- 

The polynomial algebra P n = Q) aeNn P n .a is an N™-graded algebra (and, automatically, a Z n - 
graded algebra) where P„ iQ := Kx a . Moreover, E> n ,aPn,p C P n , a +p for all a,f3 e Z n . Therefore, 
the polynomial algebra P n is a Z"-graded § n -module. 

Note that the involution 77 reverses the Z"-grading of the algebra §„, i.e. 

V(Sn,a) = §n,-a, Ot £ Z™, 

and it acts as the identity map on the algebra § ra; o- 

For an algebra A, let A denote the set of isoclasses of simple A-modules. For a simple A-module 
M, [M] is its isoclass. We usually drop the brackets [, ] if this does not lead to confusion. 

The simple §i-modules. The next Lemma gives all the simple Si-modulcs. 
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Lemma 3.1 1. S a = {K[x],§i/m a = §i/(F + a{K[x] + K[y})) where m a G Max(Si)} and 
§1 ~ {F^UFfx^ 1 ]. 

2. End Sl (iT[x]) ~ if and End Sl (§i/m a ) ~ if [x, x _1 ]/(a) /or a// m a G Max(Si). 

Froo/. 1. Let M be a simple §i-module. Then either FM = M or FM = 0. In the 
first case, 25ym =/= for some matrix unit Fy and a nonzero element m G M. Recall that 
SjSi-Ey = Si-Eoj — K[x] (a simple §i-module). Since the §i-homomorphism Si-Ey — >• Si-Eym, 
a i — ^ am, is nonzero, M = SiF^m ~ SiF^ ~ if [x]. 

In the second case, -FM = 0, the §i-module M is in fact the module over the factor algebra 
§i/F ~ FT[x,x _1 ], hence M ~ §i/m a for some maximal ideal m a G Max(Si) (see Proposition 

1231(7)). It is obvious that §i ~ {if [x]} U FrjxTx^ 1 ]. 

2. Since gjif[x] ~ S\/Siy and ann^r x i(y) = if, we have Endg 1 (if[x]) ~ if. It is obvious that 
End Sl (§i/m a ) ~ Endjq^-i] (if [x, x" 1 ]/^)) ~ if [x, x" 1 ]/^). □ 

The simple §„-modules. Our next goal is to generalize Lemma |3~T1 for an arbitrary n. First, 
we introduce more notation. For a subset Af = . . . , i s } of the set of indices {1, . . . , n}, let CAT 
be its complement, \Af\ = s, Sjv ■— §i(«i) <S> • • • ® §i(i s )> 

CW := F ® Si(i 2 ) ® • • • ® Si(i s ) H h §i(«i) <g> • • • <8> §i(i s -i) ® F, (16) 

Pjsf := FT[x ii; . . . ,x,J. Clearly, §„ = §/v ® S CA /-. Let F/v := if[x ix , x" 1 , . . . , x ls , x" 1 ]. Then 
^Af/ a Af — Ljsf. The S^-module Fv is simple with End§ Af (Fjv) ~ K. For each maximal ideal 
m of the algebra Lcm, the ScW-modulc LcAf/m ~ §aW( a CW + §CAf m ) is simple. Let Fca^ = 
®iecrt = F®(n-s)_ jjence, the tensor product 

Ma/> := P// O (FcAr/m) (17) 

is a simple §„-module. The annihilator anns n (Ma/ j1TI ) is equal to Sj^ ® {Feu + ScTVtri)- There- 
fore, two such modules are isomorphic, M/v limi — M/v 2l m 2 , iff A/i = A/2 and mi = rri2 iff 
arms„(Mjvi, mi ) = anns„(MAr 2 ,m 2 )- Let 

§n,AA := {Mjv> I m G Max(FcAA)}. (18) 

In particular, §„,{!,...,„} = {F„} and §„ = {F„/m | m G Max(F„)}. The subsets of §„ 

are disjoint. 

Theorem 3.2 1. § n = JJ^c^ n j §n,jV> a disjoint union. 
2. End Sn (F„) ~ K, ann Sre (F„) = 0, and GK (F„) = n. 

5. End Sn (M A r, OT ) ^ Lcw/m, ann s „(M A A, m ) = §// ® (Few + Sc^m), and GK (Mjv, m ) = |A/]. 
4- The endomorphism algebra of each simple S n -module is a finite field extension of K. 

Proof. 1. We use induction on n. The case n = 1 is Lemma 13.11 Suppose that n > 1 and 
that the result is true for all n' < n. Let M be a simple § n -module. Then either a n M = or 
a n M — M. In the first case, the module M is a simple (§„/a„ = F„)-module, and so M G S n> g. 

In the second case, F(i)M ^ for some i G {l,...,n} where F(i) is the smallest nonzero 
ideal of the algebra §i(«). Without loss of generality we may assume that i = n. Then Si(n)- 
module M contains a simple §1 (n)-submodule isomorphic to the §i(n)-module F[x„]. Since 
§n = §n-i ®Si(n) and End§ 1 („)(FJ[x„]) ~ K, we have M ~ A^CgiFfxn] for a simple § n _i-module 
iV. Now, induction completes the argument. 

2 and 3. Statements 2 and 3 are obvious. 

4. Statement 4 follows from statements 2 and 3. □ 

An algebra is called a primitive algebra provided there exists a simple faithful module. The 
Jacobson radical of an algebra is the largest ideal that annihilates all the simple modules. 
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Corollary 3.3 The polynomial algebra P n is the only faithful simple S n -module (and so the Ja- 
cobson radical ofS n is zero, and the algebra §„ is primitive). 

Proof. The polynomial algebra P„ is a faithful simple § n -module. The fact that it is the only 
one follows from Theorem 13.21 (3). □ 

Note that the annihilator of simple module is a prime ideal. The following corollary shows 
that the annihilators separate the simple modules. 

Corollary 3.4 The map § n —¥ spec(§ n ), M t— > ann§ ii (M), is an injection. 

Proof. We have seen above that simple modules are isomorphic iff their annihilators coincide. 

□ 

For the Weyl algebra A n over a field K of characteristic zero, the Inequality of Bernstein 
says that GK (M) > n for all nonzero finitely generated A„-modules M . Note that GK (A n ) = 
GK (§>„) = 2n. The corollary below shows that for simple S„-modules the 'opposite' Inequality of 
Bernstein is true. 

Corollary 3.5 {GK (M) | M e §„} = {0, 1, . . . , n}. 

Proof. Theorem O (2,3). □ 

Recall that the algebras §„ and P n are equipped with the standard nitrations {§ n ,<i}ieN and 
{Pn,<i}i£N- For each simple S ra -module M^m (see (|T7| ). let 1 ® 1 be its canonical generator where 
1 G Ptf and 1 € LcAf/m. The §„-module Mj^. m admits the standard filtration 

{M/V,m,<i := §« : <i 1 ®T}- 
There exists a natural number, say j, such that 

,m,<i ^ PN,<i ® (LcAf/^), i 3> 0, 
and so the Hilbert function of the module M^f^ m has the form: 

dim(M^, m ,< i )= dim y m ^ ^ + ..., l >0, 

where the three dots denote smaller terms. It follows that the multiplicity e(M^/ im ) of the §„- 
module Af^m exists and is equal to 

dim(L C AA/m) = dim(Ends„(M^ iTO )), 

by Theorem E21 (2,3). 

Corollary 3.6 For each simple S n -module M, its multiplicity e(Al) is equal to dim(End§ n (M)). 

4 The prime and maximal spectra of the algebra S n 

In this section, the prime and maximal spectra of the algebra §„ are found (Theorems 14.41 and 
I4.5[) : it is proved that the classical Krull dimension of the algebra §„ is 2n (Theorem l4.11[) . and the 
algebra §„ is a central, prime, catenary algebra (Proposition [4T] Theorem [4T5]). Formulae for the 
height and the co-height of primes of the algebra §„ are found via combinatorial data (Theorem 
I4.13j) . In many arguments, the height 1 primes of the algebra §„ play an important role. Their 
classification is given in Lemma 14.21 

The algebra §„ is a prime algebra. Recall that F n :— F® n is an ideal of the algebra E> n . 
It follows from F n — ^ eN „ KE a p that F n is a simple S„-bimodule. 
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Proposition 4.1 1. The algebra S„ is central. 

2. F n a 7^ and aF n ^ for all nonzero elements a of the algebra S n . 

3. F n is the smallest (with respect to inclusion) nonzero ideal of the algebra S n (i.e. F n is 
contained in all nonzero ideals of§> n ); F% = F n ; F n is an essential left and right submodule 
o/S„; F n is the socle of the left and right S n -module S„; F n is the socle of the S n -bimodule 
S„ and F n is a simple S n -bimodule. 

4- The algebra S rl is a prime algebra. 

5. Every nonzero ideal of the algebra S n is an essential left and right submodule o/S n . 

Proof. 1. The fact that the algebra §„ is central follows from (fl~3"|) and Proposition 12.51 (1). 

2. For n — 1, this is Proposition I2.5l f2). Suppose that n > 1. Let a be a nonzero element 
of the algebra S„ = Si ® § n -i- The element a is a sum J2 a i ® for some linearly independent 
elements flj S Si and some linearly independent elements bi e S„_i. Now, the result follows from 
Proposition 12.51 (2) since Fa\ ^ and a\F ^ 0. 

3. The fact that F n is the smallest nonzero ideal of the algebra S„ follows from statement 2 
and the fact that F n is a simple S n -bimodule. F% = (0 a)/3eN „ KE ajj f = © Q(3eN „ KE a/3 = F n . 
By statement 2, F n is an essential left and right submodule of S n . Note that 

S n F n = (S n £^o,ai • • ■ Eo,a n ) — ^ >n ' 

ctGN" aEN™ 

and so the left S ra -module F n is semi-simple. Therefore, F n must be the socle of the left S„-module 
S n since F n is an essential submodule of S„. Applying the involution r\ and using the fact that 
rj(F n ) = F n , we see that F n is the socle of the right S„-module S„. 

4. The algebra §„ is a prime algebra since F n is the smallest nonzero ideal of the algebra S n 
and F% = F n (let I and J be nonzero ideals of S„; then I J D F% = F n ^ 0). 

5. Statement 5 follows from the fact that F n is the smallest nonzero ideal of S„ and F n is an 
essential left and right submodule of S„ (statement 2). □ 

The set of height 1 primes of §„. Consider the ideals of the algebra S ra : 

pi :=F®A„_i, p 2 :=Si<g)F(8)S„_2,---,Pn :=S n _i®F. 

Then S n /Pi ~ S„_i ® (Si/F) ~ S„_i ® if [a;,, if 1 ] and QLi P» = FGU P» - ^® n - Clearly, p, g Pj 
for all i ^ j. 

Let p be a prime ideal of an algebra A. Let ht(p) = ht^(p) denote the height of the prime ideal 
p and cht(p) = cht^p) := cl.Kdim(A/p) denote the co-height of the prime ideal p. 

The next lemma gives all the height 1 primes of the algebra S n . Surprisingly, there are only 
finitely many of them (bearing in mind that S n is a prime algebra of classical Krull dimension 2n 
(Theorem 14. Ill) and S n is a 'left localization' of the polynomial algebra P n ). 

Lemma 4.2 The set of height 1 prime ideals of the algebra S n is {pi, . . . ,p n }- 

Proof. The algebras S„_i and K[xi, x^ 1 ] are prime algebras, then so is their tensor product 
S n _i g> K[xi, x^ 1 ] ~ S n /pi (Proposition ^. 31 (1)). and so pi is a prime ideal. Clearly, ht(p,) > 1 for 
all i. Suppose that ht(pi) > 1 for some i, we seek a contradiction. Then there is a nonzero prime 
p which is strictly contained in the ideal pi. Then p.; D p D F n = nj=i Pi; an d so pi D pj for some 
j 7^ i, a contradiction. Therefore, ht(pi) = 1 for all i. □ 

The primes pi, . . . , p„ play a prominent role in many proofs of this paper. To find the prime 
spectrum spec(S n ) of the algebra S n we need the following result. 

Proposition 4.3 Let A be an algebra over the field K . 
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1. Then the algebra §„ ® A is a prime algebra iff the algebra A is so. 

2. If p is a prime ideal of the algebra A then the ideal S ra (8> p of the algebra §„ ® A is a prime 
ideal, and vice versa. 

Proof. 1. Suppose that the algebra A is not prime. Then ab = for some nonzero ideals a and 
b of the algebra A. The ideals S„ <g) a and 8„ Cg> b of the algebra S„ <g> A are nonzero. Since their 
product is zero the algebra S n <g> A is not prime. 

In order to finish the proof it suffices to show that if the algebra A is prime then so is the algebra 
§„<g> A Let o be a nonzero ideal of the algebra §„<g> A. Then F n a ^ 0, by Proposition ^. II (2) . Note 

that F n a C o. Let u — E a p <g> a H + E ap <g> a! be a nonzero element of F n a where E a p, . . . , E ap 

are distinct matrix units; a, . . . , a' € A, and a ^ 0. Then ^ (8> a = E aa uEpp G a, and so 
F n (g> AoA C a. Similarly, F„ (g> A6A C b for some nonzero element del Then 

ab D F„ ® AaA • F„ ® A6A = F n ® ( Ao^4 ■ A6A) ^ 

since F n — (J) Q ^gN™ and Ao.A • A6A 7^ (A is a prime algebra). Therefore, S n ® ^4 is a 

prime algebra. 

2. Statement 2 follows from statement 1 since §„ ® A/ (S„ ® p) ~ S„ ® (A/p). □ 
Let o„ := pi + • • • + p„. Then the factor algebra 

n 

S n /a n ~ (Sx/F)®" ~ (g) Jffo, a^ 1 ] = K[xi,xi\ . . . , x n , a;" 1 ] =: L n (19) 

i=l 

is a Laurent polynomial algebra in n variables, and so a„ is a prime ideal of co-height n of the 
algebra S„. The algebra L n is commutative, and so 

[a, 6] G a„ for all a, b G §„. 

Since 77 (a n ) = o n , the involution of the algebra S n induces the automorphism rj of the factor 
algebra S„/a n by the rule: 

77 : L n -> L„, i,!-)!," 1 , i = l,...,n. 

It follows that 77(06) — 77(0)77(6) G a„ for all elements a, 6 G S n . For each subset A/" of the set 
{1, . . . ,71}, consider the epimorphism 

71-jv : Sjv" — > §a/"/<W — Av, o M> a + a/s, (20) 

where a^f is defined in p^|) . By Proposition 14.31 (2) . there is the injection 

spec(LcAf) spec(§„), q ^ ® vr c _^(q). 

The image of this injection is denoted by 

spec(§„,A0 := {S^v ® 7r c ^-(q) | q G spcc(L C A/-)}- 

Clearly, spec(§„,W) n spec(S„, M) — if N ^ (see also Lemma HTTD1 for details). Note 
that spec(§ n ,0) = {vr^ 1 n j(q)|q G spec(L„)} ~ spec(L„) and spec(§„, {1, . . . , 77}) = {0} since 
7T0 : K -> X, A H» A. 

The next theorem shows that all the prime ideals of the algebra § ra can be obtained in this 
way. 

Theorem 4.4 1. spec(§„) = Ua^c{i n } s P ec (^>n,N), the disjoint union. 

2. Each prime ideal p of the algebra §„ can be uniquely written as §7V'<8'7rpL(q) for some subset 
Af of the set {1, . . . , 71} and some prime ideal q of the algebra Lett ■ 
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Proof. To prove the theorem it suffices to show that each nonzero prime ideal p belongs 
to the union (statement 2 follows from statement 1, and uniqueness is obvious). To prove this 
we use induction on n. The case n = 1 is obvious (Proposition 12.51 (6)). So, let n > 1. By 
Lemma 14.21 p, C p for some i since p is a nonzero prime ideal. Up to permutation of the indices 
1, . . . , n, we may assume that i = n, i.e. p„ C p. Therefore, p := p/p n is a prime ideal of the 
factor algebra S„/p„ ~ S n -i ® K[x n , x~ x }. The elements of the algebra if [x^x" 1 ] are central 
in the algebra §„_i ® if [x„, x" 1 ]. The algebra S n -i ® K[x n , x" 1 ] is a subalgebra of the algebra 
S n -i ( S)K(x n ) which is the localization of the algebra S n —i®K[x n , a;" 1 ] at the centra? multiplicative 
set S :— if [x„, a: r ^ 1 ]\{0} all the elements of which are regular. Note that the algebra S n _i ®K (x n ) 
is the algebra S n -i(K (x n )) over the field if (x„) of rational functions. The localization S^p — 
P ®K\x x^ 1 ] K{ x n) OI the nonzero prime ideal p of the algebra §„_i ® iffx^x,^ 1 ] is a nonzero 
prime ideal of the algebra § n _i <g>if (x ra ) since the set S is central. There are two cases to consider: 
either S^p = S„_i ® if (i„) or S^p 7^ S n _i ® K(x n ). 

In the first case, the ideal p contains the prime ideal § n _i <E> m for some maximal ideal m of 
the algebra Si(n) (see Proposition 12. 51 (6.7)). and so p/(S„_i ® m) is a prime ideal of the factor 
algebra 

S„/(S n _i ®m) ~ (S„_i <g> Si(ji))/(S„_i (8 m) ~ §„_i ® (§i(ra)/m) ~ S„_i ® if m 

over the field if m := §i(n)/m which is a finite field extension of the field if (Proposition 12.51 (6)). 
The algebra §„_i ® if m is the algebra S n -i over the field if m . By induction, p/(S n _i ® m) = 
S.^ ®7T£, 1 A/ -(q) for some subset M of {1, . . . , n — 1} and some prime ideal q of the algebra LcN®K m 
where COV := {1, . . . , n - 1}\7V and 



Consider the commutative diagram of the algebras 



Scat = Scat ® §i(n) 
/ 



' L C M = Lc'Af ®K[x n , x n X ] 
a 

*- L C 'N ® -Km 



where all four maps are obvious epimorphisms (and CM = {1, . . . , n}\M). Then q' := <? _1 (q) is 
a prime ideal of the algebra LcW- It follows from (1 ® /)(p) = p/(S„_i ® m) = ® tt^'AtCi) 
(where 1 ® / : S n = §a" ® §CAf §Af ® §c"Af ® ^m) that 

P = Saa ® / _ V c ,V(q) = §aa ® ^(.9 _1 (q)) = §Af ® Tr^(q'). 

So, the result is true in the first case. 

It remains to consider the second case when S^p ^ ® if (x„). Note that S„_i ® K{x n ) 
is the algebra §„_i(if (i„)) over the field K(x n ). By induction, 5 _1 p = Sjv <g> Tr^'V^) ^ or some 
subset TV of the set {1, . . .,n — 1} and some prime ideal q of the algebra LcN ® K{x n ) where 
CM = {l,...,n~l}\Af and 

ttcjV : §ca^ ® K(x n ) -4 Lc'Af ® ^(a?7i)- 
Consider the commutative diagram of the algebras 

§ n _i ®if[ x ] >• Sn-i ® K(x n ) = Sat ® Sc'A" ® 



§Af ® LcN = §Af ® L c «Af ® if [ar n , x„ 1 ] 
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where the horizontal maps are localization maps (they are injective) and the vertical maps are 
epimorphisms (the maps u and v are determined in the obvious way by the epimorphism itc'Af '■ 
§C'Af — ► Lcm)- Since p n S = and the set S is central, 

p = (p^ 1 v^ 1 {S A r ® q) = u~V _1 ( s Af <g> q) = u -1 (§Af ® V'f 1 ^)) 

where : £cAf = Lc'M® K[x n , x~ x ] — >• ic'JV ®if(i n ) is the localization map, i.e. the restriction 
of the map if to the subalgebra Lqm of Sjv ® £cW- The ideal q' := -i^^ 1 (q) is a prime ideal of the 
algebra LcM- Now, p = 8^ ® 7r cA/'( c l')- The proof of the theorem is complete. □ 

Theorem 4.5 The map Max(L„) — > Max(§„), m h4 7T _1 (m), is a bijection where tt : §„ — > 
S„/a„ ~ i n , a h> a + a„, i.e. Max(S n ) = Spec(S„, 0) = {7r _1 (m) | m e Max(L„)}. 

Proof. The result follows from Theorem 14.41 and the fact that the algebras , i > 1 , are not 
simple. □ 

A prime ideal p of an algebra A is called a completely prime ideal if the factor algebra A/p is 
a domain. 

Corollary 4.6 A prime ideal p of the algebra S„ is completely prime iff a n C p. 

Proof. By Theorem l4~4l (2). p = Sjv(8>7r^(q). The factor algebra §„/p ~ S/v® (®Ctf /nclrfa)) 
is a domain iff A/" = 0, i.e. a„ C p. □ 

Corollary 4.7 n m6M ax(s„) m = a «- 

Proof. The statement follows at once from Theorem 14.51 and the fact that Hm'sMaxiX j tn' = 0. 

The next corollary gives all the primes of S ra that are contained in the prime ideal a n . It turns 
out they are precisely the primes of the type Sjv <8> 7r<^(0) for all possible subsets Af of {1, . . . , n}. 

Corollary 4.8 1. The set {pj^r := EiGAf P* I — • ••:"■}} * s ^ e se ^ °f a ^ the prime ideals 
of the algebra §„ contained in the prime ideal <x n , it contains precisely 2™ elements; pjv" = 
§CM ® 7^(0); p := 0; Paa = pA4 iff M = M. 

2. p%- = Paa /or a// A/". 

5. Pa/- C Pa^ iff M CM. 

4- IfpAf^pM then p^pM = Prt- 

5. ht(pA/") = |AA| /or all A/", in particular, ht(a„) = n. 

Proof. 1. By Theorem 14.41 each prime ideal that is contained in the ideal a n is of the type 
§Af ® 7r cJv'(^) = §Af ® a cW = PcaTi an d vice versa. By the very definition, p ^ = pM iff A" = A4 
(Pat = Sca" ® 7^(0) and p M = S> C m ® 7T^(0)). 

2 - Paa = E ie A-P* = E Je A-P? £ (EieArPiXEyeATPj) = Pa" £ pjv, hence p^ = p 2 N . 

3. Statement 3 is obvious. 

4. Pa" 3 Pa-Pa4 3 Pa-Pa/- = Pa", and so P^Pm = PN- 

5. By statements 1 and 3, ht(p^) < \N\. Let M = {ii,...,i s }. Then C p^ C p{i lt i 2 } C 
• • • C Pa^ is the strictly descending chain of primes of length |A"|, and so ht(p^) = |A/]. □ 

An ideal / of an algebra A is called an idempotent ideal if I 2 = I. The next corollary gives 
all the idempotent prime ideals of the algebra S n . All the idempotent ideals of the algebra E> n are 
found (Theorem I7.1[) and their properties are studied in Section [7] 
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Corollary 4.9 Let p be a prime ideal of the algebra S n . The following are equivalent. 

1. p is an idempotent ideal; 

2. the ideal p is contained in all the maximal ideals of the algebra §„; 

3. the ideal p is a sum of height one prime ideals of the algebra S n , i.e. p — p_\f ( Corollary\4-.8\ 



So, the set of all the idempotent prime ideals {p^f \ M C {1, . . . , n}} of the algebra S n contains 
precisely 2" elements and its Krull dimension is n. 

Proof. (1 =>■ 2) Let p be an idempotent prime ideal of the algebra S„. Then its image p' under 
the epimorphism §„ — > S„/a„ ~ L n is an idempotent ideal, hence either p' = or p' = L n . The 
second case is impossible since the ideal a n is contained in all the maximal ideals of the algebra E> n 
(Corollary 14. 7[) , and so the sum p + a n is contained in all the maximal ideals m such that p C m. 
This contradicts to the fact that p + a n = §„. Therefore, p' ^ L n , and so p C a n . By Corollary 
14.71 the ideal p is contained in all the maximal ideals of the algebra S„. 

(2 3) See Corollary EH and Corollary EH 

(3 1) See Corollary EH 

The rest follows directly from Corollary 14.81 □ 



Let M and A/2 be subsets of the set {1, ...,n} such that Mi 3 M, and so CM C CM- 
Consider the commutative diagram of algebra homomorphisms: 

§CA/i *■ §CW 2 



where the horizontal maps are natural monomorphisms. The next lemma gives necessary and 
sufficient conditions for one prime ideal to contain another prime ideal. It is instrumental in the 
proofs of Theorems 14.111 and 14.131 

Lemma 4.10 Let pi = SjVi ® ^CH (l 1 ) an d P2 = ^A/i 8> ^c\f (l 2 ) ^ e P r * me ideals of the algebra 
S„ . Then 

1. p[ C p2 iff C M\ C CM and qi C q 2 (recall that Lc^ C Lcm 2 ). 

2. pi = p' 2 iffCAfi = CM and qi = q 2 - 

3. pi C p' 2 iff either CM C CM and qi C q 2 or CM = CM and qi C q 2 - 

Proof. 1. (=>) Suppose that pi C p' 2 . Note that pcM x = §M ®t c ^(0) C p[. Moreover, 
PCM = Pina„. Similarly, p C M 2 = p 2 na„, and so p C Ni C p C N 2 ■ By Corollary EH (3), CM C CM- 
Then LcM ^ £c/V 2 and 

Taking the inclusions modulo the ideal acM 2 of the algebra ScAf 2 ; we have ^CA^ACM ® 1i £ ^2 C 
LcjV 2 and so qi C q 2 . 

{<=) This implication is obvious. 

2. (=>>) If pi = pJ, then 

PcM = pi n o» = p' 2 n o„ = pcA/i, 

and so CM = CM (Corollary EH(1)), and finally M = M- Then qi = q 2 . 
(<;=) This implication is obvious. 

3. Statement 3 is an easy corollary of statements 1 and 2. □ 
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Theorem 4.11 The classical Krull dimension of the algebra S n is 2n. 

Proof. Since Kdim(Ljv') = W\ for a11 AT C {1, . . . , n}, cl.Kdim(S„) < 2n, by Theorem and 
Lemma H. 101 In fact, cl.Kdim(§„) = 2n as the following strictly ascending chain of prime ideals 
of length 2n shows: 

C pi Cpi +p 2 C ••• C On :=pi + ---+p n 

C On + {%l — 1) C • •• C On + (x\ — 1, .. . ,X n — 1)- □ 

For an ideal o of a ring, let Min(o) denote the set of the minimal primes over a. 

Theorem 4.12 For each ideal a of the algebra §„, the set Min(a) of minimal primes over a is a 
finite, non-empty set. 

Proof. By Theorem [4.1 1[ Min(a) ^ 0. By Theorem [O] (2), it suffices to show that, for each 
subset AT of the index set {1, . . . , n}, there are no more than finitely many (may be none) minimal 
primes over a of the type S/v" ® ^cA^l) ^ or some prime ideal q of the algebra Lqn '■ Suppose that 
this is not the case. Then for some subset M there are infinitely many distinct minimal primes 
over a, say Sjv ® ^^(qj), ieN. Let {q' l5 . . . , q' s } be the minimal primes of the ideal (~) ieN qi in 
the (commutative Noetherian) algebra Lcm- Then 

a C §a/- <8> TTclr(f) 4*) - ^ ^cjU^i). J = • • ■ ' s > 

and the ideals Sjv ® 7rcJv"(lj) °^ * ne algebra § n are prime. Then each ideal S_\f ® fl'cjvK'h')' « G N, 
must be equal to one of the ideals (g> Tr^j^(q^), a contradiction. □ 

The next theorem provides formulae for the height and co- height of primes of the algebra §„ . 
They are used in the proof of the fact that the algebra S„ is catenary (Theorem I4.15P . 

Theorem 4.13 Let p be a prime ideal of the algebra S n , i.e. p = §jv ® ^catCi) ( Theorem 
Then 

1. ht(p) = |0^|+ht icjv (q). 

2. cht(p) = 2|AA|+cht w (q). 

3. ht(p) + cht(p) = cl.Kdim(S„). 

Proof. 1. By Lemma l4TTDl (3). ht(p) < \CAf\ + ht LcAf (q). Note that the prime ideal pert = 
SaT®7Tca/'(0) ^ as height |CjV| (Corollarv l4.8l f5)) and pcM Q p- The length of the maximal chain 
of prime ideals of the algebra S n lying between the ideals pcM and p is at least ht£ CA/ .(q). Hence 
ht(p) > \CM\ + ht iCjV (q). This proves the result. 

2. 

cht(p) = cl.Kdim(S„/p) = cl.Kdim(§^ ® S C a^/(§aa ® Tr^fa))) 

= cl.Kdim(§^ ® (icAr/q)) > cl.Kdim(S.Ar) + Kdim(LcJv7q) (by Proposition USD 
= 2jJV| +cht icV (q) (by Theorem gTl]). 

Therefore, cht(p) > 2\Af\ + cht£ CAr (q). The reverse inequality follows from the chain of inequalities 
below which turn out to be equalities since the both ends are identical: 

cl.Kdim(S„) = 2n = 2(\CM\ + \Af\) = \CJ\f\ + Kdim(_L C A/') + 2|7V| 

= |GAA|+ht icjV (q)+cht iCjV (q) + 2|Af| 

= ht(p) + cht LcjV (q) + 2|7V| (by statement 1) 

< ht(p) + cht(p) < cl.Kdim(S„). 
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3. By statements 2 and 3, 

ht(p) + cht(p) = \CN\ + ht iCjV (q) + cht LcAf (q) + 2|yV| 

= \CN\ + \CAf\ + 2\JV\ = 2(\CAf\ + \JV\) = 2n = cl.Kdim(S n ). □ 

Let p = §a/" <8> ^cAfiy) be a P r i me ideal of the algebra (see Theorem I4.4|) . Let s = \CN\, 
CM = {ii, . . . , i s }, t — htL CAf (q), and C qi C q2 C • • • C <\t — q be a strictly ascending chain of 
primes of the algebra JcW- Then the strictly ascending chain of primes in S n has length ht(p): 

C Cp n +p 42 C ••• Cp h +---+Pu = Sjv ® 7ToJv-(0) C§ A ^®7r-^(q 1 ) C 

••• C § A A«>7r c ;^(q t ) =p. 

Let fc = |W|, TV = {ji, . . . ,jk}, I = c htL CA/ (q), and q C q'i C q' 2 C • • • C qj be a strictly ascending 
chain of primes of the algebra LcN- Let := Saa ® 7r i C j V (lD- Then 7 : = P C h C • • • C /; is the 
strictly ascending chain of primes in S n . Consider the following strictly ascending chain of primes 
in §„ (see the proof of Theorem 14. lip : 

c p, C p, • P, • • P.\- := Ph + ■ ■ ■ + P.,. 

C + (x h - 1) C • • • C px + (x h -l,...,x jk - 1). 

Let us denote these ideals as Jo := C J\ C • • • C Jik- Then the strictly ascending chain of 
primes in §„ has length cht(p): 

p = J + J C J + Ji C • ■ • C I + Jzk C h + J 2 fe C • • ■ C I t + J 2 k- 
In more detail, for each s = 1, . . . , k, 

§n/(io + J a) - ^M\{h,-,3s} ® L {ju-j»} ® ( L CAA/q) 

is a prime algebra, by Proposition 14.31 (1) (since i-jji,...,^} ® (Jc^//q) is a prime algebra). 
For each s = k + 1, . . . , 2k, (i.e. s = k + t where t = 1, . . . , k): 

§n/(io + Jk+t) ^ L {h+l! ... ijk} ® (Lcw/q) 
is a prime algebra. For each i = 1, . . . , I, § n /(Jj + Jjfc) — I^CN Mi is a prime algebra. 

Let A be an algebra and pi, p2 be its prime ideals such that pi C p 2 . The relative height 
ht(p2,pi) is the maximum of lengths of strictly ascending chains of prime ideals of the type 
pi C q 2 C q 3 C • • • C q s C p 2 - If pi C p 2 C p 3 then 

ht(p 3 ,pi) > ht(p 3 ,p 2 ) +ht(p 2 ,pi). 

Let pi C p2 C • • • C p s be a chain of prime ideals of the algebra A. Consider a second chain of 
prime ideals pi C p^ C pi 2 C • • • C pi t C p s where 1 < i\ < i 2 < • • • < it < s which is obtained 
from the first chain by possibly deleting some of its intermediate terms. We say that the first 
chain is a refinement of the second chain. 

Definition. An algebra A of finite classical Krull dimension is called a catenary algebra if each 
chain of prime ideals pi C p2 C • • • C p s admits a refinement of length ht(p s ,pi). 

The algebras P n and L n are catenary. 

Proposition 4.14 Let pi = S_\f { <g) tTqj^. (qi), i = 1,2,3, be prime ideals of the algebra S„ such 
that pi C p 2 C p 3 . Then 

1. ht(p 2 ,pi) = ht(p 2 ) - ht(pi) = cht(pi) - cht(p 2 ) = |M| - |yV 2 | +ht LcA , 2 (q 2 ) - ht LcXi (qi). 
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2. (Additivity of the relative height function): ht(p3,pi) = ht(p3,p 2 ) + ht(p 2 ,pi). 

Proof. 1. By Theorem 14.131 (3). ht(pi) +cht(pi) = ht(p 2 ) + cht(p 2 ), and so the second equality 
follows. The third equality follows from Theorem 14.131 (1). 

ht(p 2 )-ht(pi) = |C7V 2 |+ht icAr2 (q 2 )-|CM|-ht LojVi (q 1 ) 
= |M| - |M| +hti CjV2 (q 2 ) -ht LcAfl (qi). 

Note that ht(p 2 ) = ht(p 2 ,0) > ht(p 2 ,pi) +ht(p 1; 0) = ht(p 2 ,}Ji) + ht(pi), and so ht(p 2 ,pi) < 
ht(p 2 ) — ht(pi). It remains to prove the inverse inequality, i.e. 

ht(p 2 ,pi) > \CN2\CM1\ +ht LcA , 2 (q 2 ) -ht Wl (qi). 

First, we consider two special cases, and then the general case can be deduced from these two 
special ones. 

Case 1: CA/i = CW 2 . Then p x = S^i ® tt^ (qi), p 2 = S^ 2 ®7r^ a (q 2 ), and q x C q 2 . We 
may assume that qi^q 2 . IfqiCq 2 C---Cq^.Cq 2 isa strictly ascending chain of primes of the 
algebra £cWi then the induced chain pi C p' 2 C • • • C p' s C p 2 (where p- := SjVi <8> (<]<)) * s a 
strictly ascending chain of primes of the algebra §„ , and so 

ht(p 2 ,pi) > ht LcAri (q 2 ,qi) = ht icAri (q 2 ) - ht LcjVi (qi), 

as required. 

Case 2: CM C C7V 2 and LoA/ili = q2- Then A/i 2 A/2. We may assume that A/i 7^ A/" 2 . Fix 
a chain of sets A/i D A4 2 D • • • D Al* D A/2 such that the number of elements of each successor 
is one less than of its predecessor. By Lemma [4.101 (3). we have the strictly ascending chain of 
primes in S„: 

pi C p 2 C • • • C p' t C p 2 
where p[ := E> M , ® ^~cM i i^CM^i), and so 

ht(p 2 ,pi) > \CM 2 \CNi\ = \CM2\CMx\+htLcu 2 {LcNAi)-^L C NM> 

as required since ht LcjV2 (£cw 2 <li) = ht LcAri (q x ). 

In general case, we have the inclusions of the prime ideals (Lemma 14.101) : 

pi = (8 tt^ (qi) C p := §aa 2 <g> Tr^Jvi (L C Af 2 m) Cp 2 = Sjv 2 ® (q 2 ), 

where the first inclusion is Case 2, and the second inclusion is Case 1. 
Now, 

ht(p 2 ,Pi) > ht(p 2 ,p)+ht(p,pi) >ht LcA , 2 (q 2 )-ht LcA , 2 ( J L c ^ 2 qi) + |CAA 2 \CAAi 
= ht LcA , 2 (q 2 ) - ht icjVj (qi) + |CAA 2 \CM|, 

as required. 

2. Statement 2 follows at once from statement 1. □ 

Theorem 4.15 The algebra §„ is a catenary algebra. 

Proof. The fact that the algebra §„ is a catenary algebra follows at once from the additivity 
of the relative height function (Proposition ^. 141 /2)). In more detail, given a chain of prime ideals 
pi C p 2 C • • • C p s . Then ht(p s ,pi) = J2t=2 ht(pi,pi-i). So, the algebra §„ is catenary. □ 
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5 Left or right Noetherian factor algebras of S n 

The aim of this short section is to give answers (Theorem 15. ip to the following two questions: 

Question 1. For which ideals I of S n , the factor algebra S n /I is a left or right Noetherian 
algebra? 

Question 2. For which ideals I o/S n , the factor algebra S n /I is a commutative algebra? 

Example. I = a n since S n /a n ~ L n is a commutative Noetherian algebra. 
Theorem 5.1 Let I be an ideal of the algebra S n . The following are equivalent. 

1. The factor algebra §„// is a left Noetherian algebra. 

2. The factor algebra S n /I is a right Noetherian algebra. 

3. The factor algebra S n /I is a commutative algebra. 
4- An Q I- 

Proof. It suffices to show that 1 <S^> 3 4 since then applying the involution r\ we have the 
equivalences 2^4 since rj(a n ) = a n . 

(4 => 3) The algebra S n /I is commutative as a factor algebra of the commutative algebra 

(3 1) Trivial. 

(1 => 4) Suppose that the factor algebra S n /I is left Noetherian. We have to show that a„ C I. 
Since a n = pi + • • ■ + Pn, we have to show that all pi C /. By symmetry of the indices 1, . . . , n, 
it suffices to show that pi C /. By Lemma [2. I n pi = F <E> I n -i for some ideal i„_i of the 
algebra §„_i. Then 

Sn/I D pl/(I n pi) - F ® S n -!/{F ® J„_i) ~ F ® (Sn-i/Zn-i), 

and so F ® (S n _i/7„_i) is a Noetherian §„-module. Since the §i-module F is an infinite direct 
sum of nonzero submodules, we deduce that I n -i = Sn-i- Then I n pi = F <E> S n _i = pi, and so 
pi C 7, as required. □ 



6 The weak and global dimensions of the algebra S n 

In this section, it is shown that the weak dimension and the left and right global dimensions of the 
algebra S„ are equal to n fTheorem 16 .61 and Corollarv l6.8[) ; the projective dimensions of all simple 
§„-modules M are found explicitly (Theorem I6.11|) . and it is shown that pd(M) + GK (A/) = 
l.gldim(S„) (Corollary mUl). 

It follows from the decomposition of the vector space §„ = P n E"=i ^nVi) that 

n 

Sn P n -Sn/^SnJ/i). (21) 
i=l 

Proposition 6.1 1. The left S n -module P n is projective. 

2. F n := F® n is a left and right projective S n -module. 

3. The projective dimension of the left and right S n -module S n /F n is 1. 
4- For each element a 6 N n , the S n -module §„/§ n y a is projective. 
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Proof. 1. The fact that the left S n -module P n is projective follows at once from the decompo- 
sition 

Si =§iy ©§iF 00 , (22) 
the fact that §„ = Sf" and that SjSiFoo ^ A' [a;]. In more detail, by (12"2"1) . 

n n 

S„ - Si(l)®---®Si(n) =®(S 1 (i)»i©Si(*)£%K)(t)) =§n-E oo (l)®---!8)£;oo(n)0(^S„2/ i ) 

»=1 i=l 

n 

since §„P„ — S n Foo(l) ® ■ • • ® F o(?t.), and so P„ is a projective S„-module. 

In order to prove (|2"2")l . let us consider the short exact sequence of §i-modules: 

-> §i ^4 §i -s- §i/§iy ~ A[x] -> 

where r y (a) — ay (note that s^iy — Si, by Lemma 12.41 (2)). The homomorphism r y admits 
a splitting given by the homomorphism r x : Si — > Si, i.e. r^rj, = idgj since yx = 1. Now, 
Si = §iy ® im^idgj — r y r x ). Since ids 1 — r y r x = r\- xy — 7'b 00 , the decomposition (|2"21 becomes 
obvious. 

2. Note that F = (J) i>0 SiF„ ~ ©;>o Pi (t ne Si-module F is a direct sum of infinite number 
of copies of the §i-modulc Pi). Now, 

S „F„ ~ F®" ~ 0P„. (23) 

By statement 1, the left S„-module F„ is projective. Using the involution r/ and the fact that 
rj(F n ) = F„, we see that the right S„-module F n is projective. 

3. The short exact sequence of left and right S„ -modules — > F n —> S„ — > S n /F n — > does not 
split since F n is an essential left and right submodule of S n (Proposition 14.11 (3)). By statement 
1, the projective dimension of the left and right S„-module § n /F„ is 1. 

4. Let Z™ = where ei, . . . , e n is the canonical free Z-basis for Z™. Let m = \a\. Fix a 
chain of elements of Z™, /3q = 0, /3i, . . . , f3 m — a such that, for all i, = ft + for some index 
j = j(*)- Then all the factors of the chain of left ideals 

S n y a = §„/ m c S„y' 3 '"- 1 c • • • c §„/' c §„ 

are projective §„-modules since E> n y /3i /E> n y^ i+1 ~ §„/§„?/.,■ ~ if [x.,-] §5 S n _i is the projective Sn- 
module (statement 1). Therefore, the S„-module E> n /S n y a is projective. □ 

We are interested in the homological properties of the algebra L n ~ S„/a„ as a left and right 
S n -module. For a ring R and modules rM and Nr, we denote by pd(^M) and pd(A^) their 
projective dimensions. 

Proposition 6.2 pd(g 1 Li) = pd(Li Sl ) = 1. 

Proof. Due to the involution r\ of the algebra Si and the fact that 77(F) = F it suffices to prove 
only the first statement, i.e. pd(§ 1 Li) = 1. 

Recall that the left Si-module F is projective (Proposition 16. lj) . So, the short exact sequence 
of Si-modules 

->• F -> Si -> Si/F ~ L a -> (24) 

is a projective resolution for the Si-module L\. It suffices to prove that the short exact sequence 
does not split (this fact then implies that pd(§ 1 ii) = 1). Suppose that this is not the case. 
Then there exists a homomorphism Si — > F, 1 i-» /, such that af — a for all elements a £ F, 
or, equivalently, F(f — 1) = 0. By Proposition 12.51 (2). / = 1 6 F, a contradiction. Therefore, 
pd( Sl ii) = 1. □ 

A module is called a cyclic module if it is generated by a single element. 
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Lemma 6.3 The projective dimension of all the nonzero cyclic left or right Si -modules annihilated 
by the ideal F is 1. 

Proof. In view of the involution r\ of the algebra Si it suffices to prove the result, say, for left 
modules since T)(F) = F. 

Let M be a nonzero cyclic §i-module which is annihilated by the ideal F. This means that 
M is a cyclic Li-module since Si/F ~ L\ = K[x, a; -1 ], and so either M ~ Lj or, otherwise, 
M ~ M a := L\jL\a for some non-scalar polynomial a = a(x) £ F[iz;] such that a(0) 7^ 
(Proposition (4)). By Proposition |6J2 pd Sl (Fi) = 1. So, let M = M a . We claim that 

l.ann Sl (a) := {b £ §1 | 6a = 0} = 0. (25) 

Let 7 := l.anngj (a). Since the element a is a regular element of the algebra L±, it follows from the 
short exact sequence of §i-modulcs: 0— > F — > §1 — > L\ — > that I C F. Since E t jX — E^j-i 
(see (HI)), a(0) 7^ 0, and F = ij>o if£y, we see that I — 0, as required. By (|25|) . Si§iQ ~ §1 

and Sl F ~ Fa. Since §1 F ~ Fa C F n §ia C F ~ pf°, we see that Sl F n S x a ~ F^' ~ F. 
Using this fact we can produce a splitting to the homomorphism a in the short exact sequence of 
Si-modules: 

-> FnSia A FeSia A F + §ia -> 0, a(u) = (u, -«), = u + v. 

Therefore, the Si-modules F + S\a is projective, and so the short exact sequence of §i-modules: 

-> F + S10 -> §1 -)• §i/(F + Si a) ~ M a -> (26) 

is a projective resolution for the Si-module M Q . This sequence is not split since the algebra §1 
does not contain finite dimensional left ideals. Therefore, pd Sl (M a ) = 1. □ 

Let l.gldim and r.gldim stand for the left and right global dimension of algebra respectively. 

Theorem 6.4 l.gldim(Si) = r.gldim(Si) = 1. 

Proof. The algebra Si is self-dual, and so l.gldim(Si) = r.gldim(Si). Let us prove that 
l.gldim(Si) = 1. Note that 

l.gldim(Si) = max{pd(§i/J) | ^ I C Sl S x }. 

Using the 3x3 Lemma, the short exact sequence of Si-modules: 0— > F — > §1 — > L\ — > and the 
inclusion I C Si yield the short exact sequence of §i-modules: 

-> F/(F n I) -> §i/I ->• §i/(F + 1) ~ Li/F -> 

for some ideal I' of the algebra Li. The §i-module F/(F n I) is either a zero one or, otherwise, is 
isomorphic to a direct sum of several copies (may be infinitely many) of the projective §i-module 
K[x] (Proposition hence pd(F/(F n I)) = 0, in this case. Then pd(Si/J) < pd(Li/F) < 1 
(Lemma 16. 3| . Therefore, l.gldim(Si) = 1. □ 

The weak and global dimensions of the algebra S„. Let S be a non-empty multiplica- 
tively closed subset of a ring R, and let ass(S') := {r S R | sr = for some s € S}. Then a left 
quotient ring of R with respect to S is a ring Q together with a homomorphism tp : R — > Q such 
that 

(i) for all s € S, tp(s) is a unit in Q\ 

(ii) for all g 6 Q, a = (^(s)~ 1 y(r) for some r £ R and s £ S, and 
(hi) ker(^j) = ass(5). 

If there exists a left quotient ring Q of R with respect to S then it is unique up to isomorphism, 
and it is denoted S~ 1 R. It is also said that the ring Q is the left localization of the ring R at S. 
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Example 1. Let S := S y := {y\i > 0} and R = Si. By ©, ass(S) = F, and, by fTS]). 
§i/ass(5 l ) ~ -ftTfj/, y -1 ]. This means that the ring Ti = §i/F is the left quotient ring of Si at S. 

Example 2. Let Sy lt ... tVn :— {y a ,a E N™} and R = S n . Then ass(S yi ^.., yn ) = a„ and §„/a„ ~ 
L n . Therefore, 

^yi,....y n ^ri — L n , (27) 

i.e. L n is the left quotient ring of S n at S yit „^ yn . Note that the right localization SniS 1 " 1 yn of S n 
at S yi> ... tVn does not exist. Otherwise, we would have .. j3/n S„ ~ SnS^"^ yn but all the elements 
y a are left regular, and we would have a monomorphism S n — > y„^n — L n , which would be 

impossible since the algebra L n is commutative but the algebra § n is not. 

Let us recall a result which will be used repeatedly in the proof of Theorem 16.61 

Proposition 6.5 1 . Let M be a module over an algebra A, I a non-empty well-ordered set, 
{Mi}i£i be a family of submodules of M such that if i,j £ / and i < j then Mi C Mj. If 
M = \J teI Mi and pd A (M i /M <i ) < n for all i E I where M <t := {j 3<l Mj then pd A (M) < n. 

Let V C U C W be modules. Then the factor module U /V is called a sub-factor of the module 
W. Let wdim denote the weak global dimension. 

Theorem 6.6 l.gldim(§„) = r.gldim(S„) = n. 

Proof. In view of the involution n, l.gldim(§„) = r.gldim(S„). By (|27jl. 

n = wdim( J L„) = wdim(S , ^... ) j /n S n ) < wdim(§„) < l.gldim(S n ). (28) 

It remains to prove that l.gldim(§„) < n. Let K be the algebraic closure of the field K . Since 
l.gldim(S„) < l.gldim(if (g)§„), we may assume that K = K. To prove the inequality l.gldim(§„) < 
n we use induction on n. The case n = 1 has been considered above (Theorem l6.4j) . Let n > 1, and 
we assume that the result holds for all n' < n. The algebra K (y) <8>§„-i is the localization of the 
algebra K [y, y~ x ] £§>S„_i at the multiplicative set K[y, J/ _1 ]\{0}, hence the algebra K(y) (g)S„_i is 
the left localization T _1 §„ of the algebra §„ at the multiplicative set T := K[y}\{0}. By induction, 
l.gldim(T _1 S rl ) =n—l. Let M be an S„-module. We have to prove that pd(M) < n. To the 
localization map (p : M — > T _1 M, m > to/1, we attach two short exact sequences of S„-modules: 

M' := ker(^) M -)■ M := im(tp) -)• 0, (29) 

->• M -> T- X M -> M" := coker(<^) 0. (30) 

The §„-module M' — {to E M \ tm = for some element t E T} is the T-torsion submod- 
ule of M. To show that pd(M) < n it suffices to show that the projective dimensions of 
the § n -modules M', T _1 M, and M" are less or equal to n. Indeed, then by (|30|) . pd(M) < 
max{pd(T- 1 M),pd(Af")} < n; and, by ([29l), pd(M) < max{pd(M'),pd(M)} < n. 

An §„-module N is called a T-torsion S n -module if T~ l N = 0. The modules M' and M" are 
T-torsion. The fact that their projective dimensions are less or equal to n follows from the claim 
below. 

Claim. pd(iV) < n for all T-torsion § n -modules N . 
Proof of the Claim. By Theorem EHJ(l), 

Sj = [K[x]} U tfl^F 1 ] = {K[x],K x := K[y, y- l ]/(y — A) | A G K* := K\{0} }, 

and so each simple §i-module U is T-torsion with Ends^JJ) ~ K (Lemma [33] (2)) since K = K. 
Any nonzero T-torsion §i-module V contains a nonzero submodule V which is an epimorphic 
image of the Si-module M\ :— §i/Si(y — A) for some element A E K. 

If A = then Mq = §i/Siy ~ K[x] is a simple Si-module, and so is the Si-module V ~ K[x]. 
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If A 7^ then it follows from the decomposition Si = i . >0 Kx l yi that M\ = Q) i>0 Kx l l 
where T := 1 + Si(y - A). For all i > 0, 

E i0 T = x^ool = x i (l- xy)T = x\l - Xx)T ^ 0, 

and so §^[2;] ~ Si-EJool = ©i>o Kx l (l — Xx)l. There is the short exact sequence of Si-modules: 

-> K[x] ~ Si^ooT M A K x ^0, (31) 

which is non-split since k[x]M\ ~ K[x}. Therefore, the socle of the §i-module M\ is Si-Eoo — K[x] 
which is a simple, essential submodule of M\. Then either V ~ Mx or, otherwise, V ~ iTx. It 
follows that the Si-module V' contains a simple, T-torsion Si-submodule. Any sub-factor of the 
T-torsion §„-module A is a T-torsion §„-module, and so it contains a nonzero submodule of the 
type U ® A' for some simple, T-torsion Si-module U and some S„_i-module A'. By Proposition 

EH 

pd(A) < max{pd(J7 ® A') \ U G §i,s„_i A'} < l.gldim(Si) + l.gldim(S„_i) = 1 + (n - 1) = n. 

The proof of the Claim is complete. 

It remains to show that pd(T _1 M) < n. By Theorem 16. 4[ pd Sl (K(y)) < 1 where K(y) — 
T-\§i/F). In fact, 

pd Sl (A(y)) = l, (32) 
as it follows from the short exact sequence of §i-modules: 

-> K[y, y- 1 } ~ St/F -> A(y) -> K(y)/K[y, y- 1 } -> 

and from Proposition[6?2] (if pd Sl (K(y)) — then 2 < pd Sl (K(y)/K [y, y -1 ]) < 1, a contradiction). 
Then 

pdsJT-X) =pd Sl ® s „_ 1 (tf(y) ®S„_i) < pd Sl (K(y)) < 1, 

and so the projective dimension over the algebra S ra of each projective T _1 §„-module does not 
exceed 1. Using the Ext-long sequence, we deduce that pd§ n (T _1 M) < pd K i y \^ Sn _ 1 (T~ 1 M) + l < 
(n — 1) + 1 = n. The proof of the theorem is complete. □ 

Corollary 6.7 Suppose, in addition, that the field K is algebraically closed. Then each T -torsion 
S n -module N where T = K[y\\{Qi} is a union N — UjgjAi of its submodules N% for some well- 
ordered set I such that i < j implies A; C Mj, and Aj/A<i ~ {7, ® N- for all i where Ui is a 
simple, T -torsion Eii-module and N[ is an E> n -i-module. 

Proof. The result follows at once from the fact established in the proof of the Claim above 
saying that any nonzero sub-factor of a T-torsion §„-module contains a submodule of the type 
U ® N' for some simple, T-torsion §i-module U and an § n _i-module A'. □ 

Corollary 6.8 wdim(§„) = n. 

Proof. The result follows from Theorem 16.61 and (|2"5)l . □ 

The projective dimensions of simple §„-modules. Our aim is to find the projective 
dimension of each simple §„-module fTheorem l6.11|) . For, we need the next lemma and corollary. 
For each vector A = (Ai, . . . , A n ) G K n , consider the S„-module 

n n 

Al x : =§„/^S n (^-Ai)^(g)Si(i)/§i(0(2/i-Ai). 

i=l 7=1 

Lemma 6.9 For each element A = (Ai, . . . , A„) G K* n , the projective dimension of the S n -module 
M x is n. Moreover, Ext^(M A ,§„) ~ §„/E" = i(^ - A,)§„ ~ K. 
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Proof. The algebra §„ is the bimodule s„S n -p where V := K[yi — Xx,...,y n — A„] is the 
polynomial subalgebra of § n in n variables. The sequence s = (j/i — Ai, . . . , y n — A n ) is a regular 
sequence of the right P-module §„. The Koszul complex if(s) yields a projective resolution 
for the right 'P-module M\. The differential of the Koszul complex if (s) is obviously an § n - 
homomorphism. Therefore, if(s) is a projective resolution for the §„-module M\. Using this 
resolution it is easy to show that 



Ext£ n (M A ,§„ 



S«/I>< 



Ai)S r , 



>Si(i)/(ift-Ai)Si(i) 



To finish the proof it remains to show that Si(i)/(yi — A,)§i(i) ~ K since then pd§ (-Ma) = n. 

By symmetry of indices, it suffices to show that S%/(y — A)Si _ if for A e if*. By (|5J|, the 
linear map : F — >• F, / n> (y — A)/, is a bijection since A ^ 0. The Snake Lemma for the 
commutative diagram 

" F >■ §1 >- Li 




gives a vector space isomorphism 

§i/(y - A)§i = coker Sl (/ y _ A ) ^ coker Ll (l v -\) = Li/(y - X)L 1 

as required. □ 



K, 



Corollary 6.10 For each element A = (Ai,...,A n ) £ if™, the projective dimension of the § n - 
module M\ is n(A) := #{Ai | A.; ^ 0}. Moreover, Ext"^ (M\, S n ) ~ P n - n (\)- 

Proof. Let fc = n(A). If fc = n then the result is Lemma 16.91 So, we can assume that fc =/= n. 
Then M\ ~ P„_fc M M (up to order of the indices) where the vector /i = (/ii, . . . , /i^) S if * fe 
consists of all the nonzero coordinates of the vector A £ if". Now, applying P n -t ® — to the 
Koszul complex if (s') where s' = (yi — fi±, . . . , y k — /ifc) for the S^-module (from the proof 
of Lemma I6.9P we obtain a projective resolution for the S„-module M\ since P n -k is a projective 
Sn-fe-module. Then 



Extg n (M\, §„) ~ P„_ fc <g> § fc / ^(y, - A^S fe ~ P„_ fc ® if ~ P„ 



i=i 



Then the projective dimension of the §„-module M\ is fc. □ 

Theorem 6.11 Lei M be a simple S n -module, i.e. M c_ Ma/,i 
I7ienpd(M) = |CA/"|. 



Pm ® Lc/s/m (TheoremW^ 



Proof. Without loss of generality we may assume that the field if = if is algebraically 
closed since pd Sri (M) = pd^ g (K <8> M). Then, up to order of the indices, M ~ P n -k ® 

(Lk/ J2i=i Lk{y-i — Ai)) for some fc and a vector A = (Ai, . . . , Afc) € if * fe . For each i — 1, . . . , fc, 
K\ t := Li(i)/Li(i){y l -\ i ) is the § x (i)-module, and so M ~ P n ^ k <E)K (Xl ....,x k ) where if(A 1 ,...,A fc ) := 
(S>i=i ifAi- We have to show that pd(M) = fc. We deduce this fact from Corollary 16. 101 Let us 
prove that, for all s = 0, 1, . . . , k, 



pd(P„ 



if, 



<8>M, 



(A, 



0) 



(33) 



To prove this fact we use induction on s. The case s = is obvious, pd(P„_fe ® A^(Ai A fc )) = ^* 
(Corollary I6.10|) . Suppose that s > and that ([33]) holds for all s' < s. Applying — ® P„_fe (g) 
-^"(A 1 ,...,A a _i) ® -^(A s+ i,...,A fc ) to the exact sequence of Si(s)-modules (see (JU)) 

->• if [x s ] -> M As ->• ifA s -> 
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we obtain the short exact sequence of S n -modules: 

-)• P n - k ® K[x a ] ® ^(Ai,...,A._i) ® M (As+li ... iAfe) P„_ fc g) J^(Ai,...,A s _i) ® M(X.,...,A») 
P„_ fe <g> X(A 1> ...,A S ) ® Af (A , +li „. iAj| ) 

which can be written shortly as ^ X — > Y — > Z — > 0. Since pd(_X~) < k — 1 and pd(F) = fc 
(by induction), we have pd(Z) = k. By induction, (|33|) is true. In particular, pd(M) = k. This 
finishes the proof of the theorem. □ 

Corollary 6.12 For all simple § n -modules M, GK (M) +pd(M) = l.gldim(S„). 

Proof. Let M be a simple §„-module. Then M ~ Ma/> (Theorem [32]). By Theorem 1X21(2.3). 
GK (M) = |A/"|. By Theorem EZHl pd(M) = |CW|, and so 

GK (M) + pd(M) = [vV] + \CN\ = n = l.gldim(§„) (TheoremiU). □ 



Lemma 6.13 For each non-empty subset M of the set {1, . . . ,n} the intersection f] i£ j^-pi is a 
projective left and right S n -module. In particular, so are the ideals pi, . . . , p„. 

Proof. We use induction on n to prove the result. The case n = 1 is obvious since F is a 
projective left and right §i-module (Proposition 16.11 (2)). Suppose that n > 1 and the result is 
true for all n' < n. The case TV = {1, . . . ,n} was considered already fProposition l6.1l f2)). Without 
loss of generality we may assume that N = {1,2,..., m} and m < n. Then p|"=i Pi = <8> §n-m 
where F rn is the projective left and right S m -module, by induction. Then it is obvious that 
F m ® § n -m is a projective left and right S„-module. □ 

By Lemma 16.131 for each number s = 1, . . . ,n, we have the projective S n -module 

Is ■■= p tl n---np 4s . 

l<ii < ■ ■ -<i s <n 

Consider the sequence of § n -homomorphisms: 

-> I n H I n -x -> ► h % J := a„ -> (34) 

where, for s > 1, 

s 

4 : p 4l n-'-npi, ->0p 4l n---np^n---np ls , ((-1)^, (-i) 2 a,...,(-i) s a), 

t=i 

and di(ai, . . . , a n ) = a% + • • - + a n where S pi and the hat over a symbol means that it is missed. 

Theorem 6.14 The sequence is a projective resolution of the left and right § n -module a n . 

Proof. Since rj(I s ) — I s and rjd s = d s r) for all s, it suffices to show that (134[) is a projective 
resolution of the left § n -module a n . By the very definition of the maps d s , d s -id a = for all s. 
So, it remains to prove the exactness of the complex ([541 . We use induction on n. The case n = 2 
is obvious: 

-> pi np 2 -4 pi ©p 2 4 pi +p 2 -> 0, da (a) = (-a, a), di(u, u) = u + «. 
So, let n > 2, and we assume that the result holds for all n' < n. 
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The idea of the proof is, first, to show the exactness of the complex at s = 1, and then the 
exactness of the complex at 1 < s < n is deduced from the case s = 1. Note that the complex is 
exact at s — n (since d n is an injection). For each s, I s = I' s ® I'J where 

7 s : = Pii n ' ' ' n Pi. and 7 " : = Pii n • ' • Pi,-i n Pn- 

l<ii <■ ■ -<i s <n l<i± < ■ ■ ■ <i s — n 

Let us prove the exactness of the complex at I\ . By induction, for n — 1 the complex (|34| is exact 
at Ii(n — 1), i.e. the sequence of §„_i-modules 

h{n - 1) h(n - 1) dl( -=T 1) Pl (n - 1) + • • • + p„_i(n - 1) (35) 

is exact, i.e. ker(c?i(n — 1)) = imfd^in — 1)) where '(n — 1)' everywhere indicates that we consider 
the complex (jM)) for n — 1. By applying — <g> Si(n) to the sequence (|3"51 we obtain the exact 
sequence 

4 3 ij ^ Pi + ■ • • + p n _a (36) 
where d 2 and are the restrictions of the maps d 2 and d\ to 7 2 an d respectively. The sequence 
I2 I\ — \- a n can be written as follows: 

( d 2 * ) 

Tl Til 4' Tl ( d l M ) 

4 © 4 7 X © Pn Pi + 1" P« 

where 1% = Pi n P»> 4' ( a i> • • • 1 a «-i) = ~( a i + 1" o-n-x), A = pi © • • • © p n -X- If an 

element a = (ai, . . . , a„) e ii = pi © • • • © p„ belongs to ker(di), then 

a„ = -ai a„_i € (pH h p„_i) n p„ = pi n p„ H h p n -i n p„ = im(4')- 

and so a n — d'^b) for some element b € 4' • Without loss of generality we may assume that a n = 0, 
i.e. d£l{ and a € ker^). Since the sequence (|36[) is exact, we must have a 6 im(d 2 ), and so the 
sequence (fMf is exact at Jj. 

Now we use the (second) induction on s to prove the exactness of the sequence ([3^]) at I s . The 
case s = 1 has been just considered. So, let s > 2 and s ^ n, and we assume that the complex 

(f34f is exact at I s i for all s' = 1, 2, . . . , s — 1. The sequence ig+i '^t* 1 / s ^ 7 s _i can be written as 

( s+1 * ^ / d' g * \ 

4+1 ©/*'+! 7 *© 7 " tl®tl 

where the maps d' s+1 and dj, are the restrictions of the maps d s +i and d s to 4+1 and I' s respectively. 
To prove the exactness at I s it suffices to prove the exactness of two sequences I' s+1 ^ I' s -4 I' s _ 1 
and I'J, ! I" -4- 4-X' By induction on n, the sequence 

J s+ i(n-l) -> ig(n-l) -> i s _i(n-lj 

is exact. By applying — (g)Si(n) to this sequence we obtain the e:mcf sequence 4+x I' s -4 4-x- 
If s = 2 then the sequence J3 -4- 1% -4 /" is exact as it can be obtained by applying the exact 

functor p„ ®§ n — to the exact sequence r 2 ^Mi=^ Sn (sec 

By induction on s, the sequence / s ^ / s _i ^ / s -2 is exact. If s > 2 then applying the 

exact functor — 8>Si(n) 7? ( n ) to this sequence we obtain the exact sequence I' s ' +1 ^ I'J 4> I' s '_x- 
The functor — (S^n) ■F'(k) is exact since the §1 (n)-module F(n) is projective. The proof of the 
theorem is complete. □ 
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7 Idempotent ideals of the algebra § 



In this section, all the idempotent ideals of the algebra S„ are found (Theorem [73}. It is proved 
that each idempotent ideal distinct from §„ is a unique product and a unique intersection of 
incomparable idempotent prime ideals (Theorem 17.21) . The intersection of idempotent ideals is 
always equal to their product fCorollary |7.4l f3)). The set I„ of all the idempotent ideals of the 
algebra §„ is a distributive lattice (Corollary [73]). 

Let B n be the set of all functions / : {1, 2, . . . , n} — > ¥2 := {0, 1} where F2 :— TLjTL is a field. 
B n is a commutative ring with respect to addition and multiplication of functions. For f,g £ B n , 
we write / > g iff f(i) > g(i) for all z = 1, . . . , n where 1 > 0. Then (£?„, >) is a partially ordered 
set. For each function / G B ni If denotes the ideal Ifm ® ■ ■ ■ ® If{n) 01 §n which is the tensor 
product of the ideals Itu\ of the tensor components §i(i) in §„ = Si(l)(g)- • -®§i(n) where Iq := F 

and I\ :— §1. In particular, 7( 0) = F n and /m,...,i) = S n . f > g iff // D I g . For f,g € B n , 

I fig = If dig — Ifg. Using induction on the number of functions we see that, for fx, . . . , f s S B n , 

s s 

Let C n be the set of all subsets of B n all distinct elements of which are incomparable (two distinct 
elements / and g of B n are incomparable iff / ^ g and g ^ /). For each C £ C n , let Iq '■= Yltan If> 
the ideal of S n . 

Let Sub„ be the set of all subsets of {1, . . . , n}. Sub„ is a partially ordered set with respect 
to 'C'. For each / G B n , the subset supp(/) := {i \ f(i) = 1} of {1, ... , n} is called the support of 
/. The map B n — > Sub„, / M- supp(/), is an isomorphism of posets. Let SSub„ be the set of all 
subsets of Sub„. An element {Xi, . . . , X s } of SSub n is called an antichain if for all i ^ j such that 
1 < i, j < s neither X, C Xj nor Xi D Xj. An empty set and one element set are called antichains 
by definition. Let Inc n be the subset of SSub„ of all antichains of SSub„ . Then the map 

e„->-Inc„, {/!,..., / s } i-)- {supp(/i),...,supp(/ s )}, (37) 

is a bijection. 



Definition. The number fl„ :— |Inc„| is called the Dedekind number. 

The Dedekind numbers appeared in the paper of Dedekind [6] . An asymptotic of the Dedekind 
numbers was found by Korshunov [TTj . 

Let I n be the set of all the idempotent ideals of the algebra § n . The next theorem classifies all 
such ideals and gives a canonical presentation for each of them. 

Theorem 7.1 1. The map C n — > I n; C 1 y Iq : — X^/gc ^f> * s a by ec ti° n where 1$ :— 0. 

2. The set I n is finite. Moreover, |I„| = d n is the Dedekind number which has the following 
asymptotic when n — > oo, \1 lp 

(S) U-i)^ +» 2 2 — 5 -r l2 — 4 ) . 

2 v 2 y e^2 LJ if n is even, 

2 . 2 (4i) e ^ (2 -^Vr-) + ^ ( r¥ +Ii V-) ifn isodd _ 



3. r](I) = I for all idempotent ideals I of the algebra S n . 
Proof. 1. The map C 1— >• Ic is well defined since 

fee fee fjtg fee f^g fee 
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Choose a basis for the algebra §„ = <8>™=i§i(i) which is the tensor product of bases of the tensor 
components §i(i), and each basis for §i(i) is an extension of a basis for its subspace F(i) C §i(i). 
Then it is obvious that the map C t-» Iq is injective. 

Clearly, the algebra §„ is an idempotent ideal. So, it remains to show that if 7 is an idempotent 
ideal of the algebra S„ such that I ^ S n then I = Ic for some C. 

First, let us show that 7 C a n . The image 7 of the ideal 7 under the epimorphisms §„ — > 
S n /a n — L n is an idempotent ideal, hence either 7 = or I = L n . The second case is impossible, 
otherwise we would have 7 + a„ = S n . Let m be a maximal ideal of S n that contains 7 (it exists 
since I ^ E> n ). Then §„ = 7 + a n C m (Corollary I4.7[) , a contradiction. Therefore, 7 C a n . 

Now, the result is obvious for n = 1 (Proposition 12.51 (3)). So, let n > 1 and we assume that 
the result is true for all n' < n. Multiplying the chain of inclusions JCn„C S n on the left by the 
ideal 7 we have I = I 2 C Ia n C 7§„ = J, and so 

7 = 7o» = /(pi H + p„) = Ipi H + 7p„. 

By Lemma [2.61 (1). J H pi = 7 n (7 1 (g> § n _i) = F <g> 7 n _i for an ideal 7 n _i of the algebra S n _i. 
Clearly, 

Pi7 C 7npi CF®/„_! C p x 7, 

and so 7 n pi = pi7. By symmetry, 7 n pi = p 4 7 for all i. Now, 7 = J]" =1 Ip. t = Yh=i 1 n Pi- 
To finish the proof it suffices to show that each ideal 7 n pi has the form Ic\ for some Cj. By 
symmetry, it suffices to prove this for i = 1. Recall that the ideals of the algebra §„ commute 
(Theorem EH]) . On the one hand, (7 n pi) 2 = (7pi) 2 = 7 2 p 2 = 7pi = 7 n pi = F ® 7 n _i. On the 
other hand, (7 n pi) 2 = (F <8> I n -i) 2 = F 2 ® 7 2 _ : = F ® 7 2 _ 1 . Therefore, 7„_i is an idempotent 
ideal of the algebra § n _i. By induction, the ideal 7„_i has the required form, and so the ideal 
7 n pi has the form lc x ■ This finishes the proof of statement 1. 

2. Statement 2 follows from statement 1 and (|37|) . 

3. By statement 1, 7 = 7 C for some S. Then r)(I c ) = rj(E, fee I f) = E fee 'X 7 /) = E /ec 7 / = 
Ic since r?(7/) = If for all /. □ 

(Spec(S n ),C) is a poset. Two primes p and q are called incomparable if neither p C q nor 
P 2 q. 

For each idempotent ideal a of S„ such that o ^ S„, let Min(a) be the set of all minimal primes 
over o. The set Min(a) is a non-empty finite set (Theorem l4.12p and each element of Min(o) is an 
idempotent, prime ideal (Theorem 17. 2[) . The proof of Theorem 17.21 provides a direct, short proof 
of the fact that the set Min(o) is finite and non-empty for an each idempotent ideal o of S n . 

For each / 6 B n , the set csupp(/) := {i | f(i) = 0} is called the co-support of /. Clearly, 
csupp(/) = {1, . . . , n}\supp(/). 

Theorem 7.2 1. Each idempotent ideal a of S„ such that a ^ S n is a unique product of 
incomparable idempotent primes, i.e. if a = qi • • • q s = ti • • • tt are two such products then 
s = t and qi = Wi), . . . , q s = f or a permutation a of {1, . . . , n}. 

2. Each idempotent ideal a of § n such that a ^ S n is a unique intersection of incomparable 
idempotent primes, i.e. if = qi fl • • • Pi q s = ti fl • • • H tt are two such intersections then 
s = t and qi = t CT (i), . . . ,q s — tcr(s) f or a permutation a of {1, . . . , n}. 

3. For each idempotent ideal a of §„ such that a ^ § n , the sets of incomparable idempotent 
primes in statements 1 and 2 are the same, and so a = qi • • ■ q s = qi fl • • ■ fl q s - 

4- The ideals qi, . . . , q s in statement 3 are the minimal primes of a, and so a = IIpeMm(a) P = 
PpeMin(a)P- ^ n particular, each element o/Min(o) is an idempotent prime ideal o/S„. 

Proof. 1. For each idempotent ideal o of §„ such that a ^ S n , we have to prove that a is a 
product of incomparable idempotent primes and that this product is unique. Since the ring §„ is 
prime these two statements are obvious when o = 0. So, let a^O. 
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Existence: Let / £ B„; then // = riiecsuppf/) Pi- Let ^ ^ e an y idempotent ideal of §„. Since 
b 2 = b, it follows at once that 

I f + b= H (pi + b). (38) 

iecsupp(/) 

By Theorem l7.1l (l). a = Ij x + ■ ■ ■ + If e for some fa € S n . Repeating s times (f3"5)) . we see that 

o= II (Pii + --- + Pi 8 ) (39) 

ii £csupp(/i ),..., i s Scsupp(/ S ) 

is the product of idempotent primes, by Corollary 14.81 (1.2). It follows that Min(a) is a non-empty 
finite set each element of which is an idempotent prime ideal. Note that the ideals of §„ commute, 
and if p C q is an inclusion of idempotent primes then pq = p (Corollary 14.81 (4)). Using these 
facts and (|39l) . we see that a is a product of incomparable idempotent primes. 

Uniqueness follows from the next lemma which will be used several times in the proof of this 
theorem. 

Lemma 7.3 Let {q 1; . . . , q s } and {tx, . . . , t t } be two sets of incomparable ideals of a ring such 
that each ideal from the first set contains an ideal from the second and each ideal from the second 
set contains an ideal from the first. Then s — t and qi = Wn, . . . , q s = t CT ( s ) for a permutation a 
o/{l,...,n}. 

Proof of Lemma [7. 3\ For each qi, there are ideals tj and tk such that tj C q^ C tfc, hence 
q^ = Tj = tfc since the ideals tj and Xk are incomparable if distinct. This proves that for each ideal 
qi there exists a unique ideal, say t^u), such that q^ = t a (i). By symmetry, for each ideal tj there 
exists a unique ideal, say q T u), such that tj = q T {j)- Then, s — t and qi = t CT (x), • ■ • , q s = *a(s) f° r 
the permutation a of {1, . . . , n}. □ 

Uniqueness: Let o = qi ■ • • q s = t\ ■ ■ ■ tj be two products of incomparable idempotent primes. 
Each ideal q^ contains an ideal tj, and each ideal tk contains an ideal q;. By Lemma T7.31 s = t 
and qi = tr CT (i), . . . , q s = t CT ( s ) for a permutation a of {1, . . . , s}. 

2. Uniqueness: Suppose that an ideal a has two presentations o = qi fl • • • n q s = tx D • • ■ Pi 
t* of incomparable idempotent primes. The sets {qi,...,q s } and {ti,...,t{} of incomparable 
idempotent primes satisfy the conditions of Lemma l7.3[ and so uniqueness follows. 

Existence: Let F be the set of idempotent ideals of that are intersection of incomparable 
idempotent primes. Then I' C l n . The map 

I„ ->-F, qi---q s ^ qi n---nq s , 

is a bijection since |I„| < oo and by uniqueness of presentations qi • • • q s (statement 1) and qi (~l 
• • • n q s (see above) where qi, . . . , q s are incomparable idempotent primes. Then I n = I'. This 
proves that each idempotent ideal a of §„ is an intersection of incomparable idempotent primes. 

3. Let a be an idempotent ideal of S ra and o = qi • • • q s = ti fl • • • fl t t where S := {qi, . . . , q s } 
and T :— {ti, . . . ,r f } are sets of incomparable idempotent primes. The sets S and T satisfy the 
conditions of Lemma 17.31 and so s = t and qi = t a n\, . . . , q s = f° r a permutation a of 
{1, . . . , n}. This means that a = qi ■ • • q s = It H ■ • • D q s . 

4. Let a = qi • • • q s = qi fl • • • fl q s be as in statement 3 and let Min(a) = {ri, . . . , tt} be the set 
of minimal primes over a. Then Min(a) CS:= {qi, . . . q s } (a = qi • • ■ q s C r, implies q^ C tj for 
some j, and so q^ = by the minimality of ti). Up to order, let tx = qi, ■ ■ ■ , tt = (\t- It remains to 
show that t = s. Suppose that t < s, we seek a contradiction. This means that each idempotent 
prime q^, i = t + 1, . . . , s, contains a and is not a minimal prime over a. Hence, q^ contains a 
minimal idempotent prime, say q T m, a contradiction (the ideals q^ and q r (i) are incomparable). 
□ 

Corollary 7.4 Let a and b be idempotent ideals of S n distinct from §„ in statement 1, 2 and 5. 
Then 
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1. a=b jjffMin(a) =Min(b). 

2. Min(o ("1 b) = Min(ab) = the set of minimal elements (with respect to inclusion) of the set 
Min(a) U Min(b). 

3. an b = ob. 

4- If a< != ^ then ab = a. 

5- a C b iff Min(a) ^ Min(b) (the ^ means that and each q G Min(b) contains some p G 
Min(o);. 

Proof. 1. Statement 1 is obvious due to Theorem 17.21 (4 s ). 

2. Let M. be the set of minimal elements of the union Min(a) U Min(b). The elements of M. 
are incomparable, and (by Theorem 17.21 (4)) 

a n b = n peMin ( a ) n n qe M in (6)q = n ze M^- 

By Theorem[L2](2), Min(a n b) = M. By Corollary gU (4), 

ab = II P II q=II r=anb 

pGMin(a) qGMin(b) t£M 

3. The result is obvious if one of the ideals is equal to S„. So, let the ideals are distinct from 
§„. By statement 2, Min(a (~l b) = Min(ab), then, by statement 1, ofl b = ab. 

4. If a C b then, by statement 3, ab = a PI b = a. 

5. (=►) If a C b then Min(a) t Min(b) since a = n pe Mm(o) P ^ II,eMin(b) 1 = b - 

(<=) Suppose that Min(a) ^ Min(b). For each q G Min(b), let S(q) be the set (necessarily 
non-empty) of p G Min(a) such that p C q. Then Min(a) 3S:= U qe Min(fa)'S'(' : l) and 

A = n peM m(a)P £ <~] pe sp C n qe Min(b)1 = b. □ 

Corollary 7.5 T7ie lattice I„ of idempotent ideals of the algebra §„ is distributive, i.e. (aPlb)c = 
ac R be for all ideals a, b, and c. 

Proof. By Corollary El (3), (a n b)c = a n b n c = (a n c) n (b n c) = ac n be. □ 

Theorem 7.6 Let a be an idempotent ideal of §„, a?7,d jVl 6e the set of minimal elements with 
respect to inclusion of the set of minimal primes of idempotent ideals ai, . . . , ttfe o/§„. TTien 

1. a = ai • • • a fc iff Min(a) = M . 

2. a = ai n • • • n a k iffMin(a) = M. 

Proof. By Corollary 17.41 (3). it suffices to prove, say, the first statement. 

(=>) Suppose that o = Oi • • • ftfc then, by Theorem 17.21 (4) and Corollary 17.41 (4), 

k 

a = n n *i = n «• 

*=1 qij-eMm(ai) q£JM 

and so Min(o) = X, by Theorem EH (4). 

O) If Min(a) = M then, by Corollary El (4), = Oi ■ • • <X k . □ 
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